MATH 425b Lecture Notes

Stanley Hong

Spring 2023

Beginning of January 10, 2023
In an usual course of analysis I, we are expected to learn:
e Rand C;
* Topology of metric spaces, including open/closed sets, continuity, compactness, etc.
* Sequences, series, and convergence tests of series
* Single-variable calculus

* Uniform convergence, which is particularly important.

And below is a list of what we are going to do this semester. Depending on the progress with analysis I, the first

two sections (power series and improper integrals) may or may not be a review.

* Power series and special functions
* Improper Riemann integral and convex functions

* Function spaces and approximation theory (long-story-short definition: approximating some function that

looks bad with some functions that are better for us to treat)
* Fourier series (if time permits)

e Multivariable calculus: derivative (as a linear transformation), multiple integration, differential forms, and

perhaps the most important concept of multivariable calculus, Stokes’ theorem.

The emphasis of analysis I is on the nuts and bolts of problem solving. When we think of a mathematical
problem, we have a starting point and an ending point, and our goal is to find the logical path that connects the
two. Meanwhile, the problems in analysis II usually involves a higher degree of logical sophistication. This certainly

involves more practice and more sophisticated strategization.



(Official) beginning of January 10, 2023

Definition. A power series of the variable z in R or C centered at a with coefficients ¢,, for n € Ny, takes

the form of

(o]
Y en(z—a)".
n=0
The above power series has radius of convergence R of ™! for 0 < a < oo, where

a =limsup {/|cy|.

n—00

Of course, if a = +oo then R = 0; if o = 0 then R = +oo.

Proposition. Given (¢, ):>, in C, and suppose the power series >, ¢, (z — a)™ has radius of convergence
R > 0. Then the series converges absolutely when |z — a| < R and diverges when |z — a| > R. Additionally, the
series converges uniformly on {z: |z — a| < r} for any r € (0, R).
Proof. For the first two parts, we utilize the root test. Consider

n

“/Cn|7

where its limsup has value R !z — a|. With the root test, we see that the limit superior is less than unity

en(z-a)"=lz-a

if |z — a| < R, and greater than unity if |z — a| > R. This proves the conditional (absolute) convergence and

divergence. For the last part regarding uniform convergence, we use the Weierstrafy’ M -test.
Theorem. The Weierstrafy’ M-test: Y., f(z) converges uniformly if |f,,(z)| < M,, and Y5> M,, < +oo.

Pick a r € (0, R). With |c,(z — a)"| < ¢, 7™, we use the root test to obtain

limsup V/|c,rm| = (limsup \"/|cn|) r= % <1,

n—>00 n—o0o

hence the series converges by the Weierstrafy’ M -test. O

Remark. Applying the uniform limit theorem to the sequence of partial sums (Z,]LO cn(z - a)”)x= |» we obtain the

continuity of }.77 ¢, (z — a)” inside the disc of convergence. Specifically, we can choose an arbitrary point in the

disc of convergence, then there exists a ball where its closure includes the point, and by the last part of the previous

proposition we can then apply the uniform limit theorem to show the continuity of the series at that point.

We now introduce the concept of a Cauchy product. Consider two series f(z) = Yooy anz”, g(z) = Yooy b 2™, and

suppose we want to find their "product" ¥, ¢, 2". If we simply multiply the power series of f(z)g(z), we get

n n
en= Y, aph =) apbp_gp =Y. anby.
k=0 k=0

k+l=n

Definition. Given two series Y., a, and Y., b,, their Cauchy product is

Z ( akbn_k) .
n=0 \k=0



Two questions can be raised regarding the Cauchy product.
* Does the Cauchy product converge? More specifically, what are the conditions for it to converge? (Merten’s)

s If Y™ qan =4, Yo ob, = Band Yo jc, = C. Does AB = C hold? In other words, if the Cauchy product

converges, does it have to converge to the product AB? (Able’s)

Example. The first question might seem obvious. Consider

(-n"
Vn+l

. oo n n 1
The Cauchy product is then Y, ¢,,, where ¢, = Y1 aran—k = (-1)" Xi_g N
In fact, ¢, + 0, hence ¥, , ¢, must not converge. More to cover next class.

ap =by, =

Beginning of January 11, 2023

In the last lecture, we ended up with a counterexample for the convergence of Cauchy product given convergence

of two series. We will continue with that example today.

Example. Consider a,, = % The Cauchy product of ¥, a,, with itself has terms

_l)n—k: B n 1

=(-1)" .
o Vk+1vVn—-k+1 ( )k;)\/lwrlx/n—k—l

Claim. ¢,, » 0 as n — oo, so the Cauchy product cannot converge.

Proof of claim. Consider the inequality 2ab < a® +b2. With a = Vk + 1 and b = v/n - k + 1, we can conclude

that a? + b = n + 2, and we can construct a nonzero lower bound of |c, | with

L2 2nel) o

|cn‘ 2 Z

k:0n+2_ n+2

Merten’s theorem connects convergence of series and convergence of Cauchy product.

Theorem. (Merten) Suppose Y., a, converges absolutely to A, and ., b, converges to B. Then their

Cauchy product converges to C = AB.
Proof. Consider the partial sums, denoted as A,, = >j_y @k, Bn = Y50 bk, Cn = Yo ck. We have
Cp=co+cC1+...+ ¢y =apby + (aphy + a1bg) + ... + (aghp + ... + anbo).
Regrouping the terms of C,, gives C,, = ag(bo+...+b,,)+a1(bo+...+bp—1)+...+apby. Setting 8, = B-B,, = ¥ 1e111 bk»
Cn=a0(B-08p)+a1(B=0n-1)+...+a,(B=00)="(ap+...+an)B-(aofn +a1Bn-1+... +anfo)-

Notice that ag + ... + a,, = A,, denote the tail as v,, and computation gives C,, = A, B —v,. Given A4, — A, it

suffices to show ~,, — 0 (then C,, - AB - 0 = AB). Note that this could happen as the terms of ~, becomes

3



N n

Yl = D lan—kBil € D lan-Bkl+ Y. lan—kl|Brl € max {|an-n], ..
=0

smaller and smaller. We split the expression into two parts to utilize the infinisimality of a,, and 3,,:
N

= k=N+1

N n—-N-1
slanl} D018kl + max {|Bn1], -
k=0

Theorem.

(Able) Assume X" a, = A and X, b, = B. Assume also that their Cauchy product Y, ¢, =
C. Then AB=C.

To prove the theorem, we need to assume the validity of the lemma. (Which isn’t really easy to prove...)

Lemma. Suppose Y, a, converges. Define f: (-1,1] > C, and f(z) = X7y ana™. Then f(1-) = 3,7 an.

Proof. Define f(x) Yo ganz™, g(x) = Yoo gbpz™, h(x) = X orycna™. As h(z) is the Cauchy product of f(z) and

g(x), for x € (-1,1), both series converge absolutely, hence Merten’s theorem implies h(z) = f(x)g(x). Taking
the limit of the expression as z — 1~ gives C = h(1-) = f(1-)g(1-) = AB.

O
Proof of lemma. Consider each a,, as the difference of partial sums: a,, =S, - S,,_1 (with s_; =0.) Then

oo oo oo oo oo oo
F(@) =Y (50— sn-1)2™ = Y. 802" = Y spm1z = Y sz = Y s,z = Y 52" (1- ).
n=0 n=0 n=1 n=0 n=0 n=0

Note that we actually cheated a bit; we could not guarantee the convergence of the two series (but it could be
proven with some steps.) With s,, convergent, it is bounded. More about it in the next lecture.

Beginning of January 13, 2023
Last class we ended with a (rather incomplete) proof of Abel’s theorem. However, we are missing an auxiliary
lemma. Here we complete the work left yesterday.

Lemma. Assuming Y., an, define f: (-1,1] > C by f(z) = X7y ana™. Then f(1-) = f(1).
Proof. Consider each a,, as the difference of partial sums: a,, = S,, - S,—1 (with s_; =0.) Then

F@) = 3 (50 - $p1)a”

n=0

oo (o] (o] [e o] 1 [eo]
_ n _ n _ n _ n+l _ neq o

n n— n n n .
=3 52" = Y spo1z = ) sp2" = ) spa = ) s,a (1 - )
n=0 n=1 n=0 n=0 n=0

Note that we actually cheated a bit; we could not guarantee the convergence of the two series (but it could be
proven with some steps.) As we want to investigate the tail behavior |f(z) - s|, take

i 1-2x
Zan:s s =5
n=0

- l1-z

Thus,

(1-2) Y o
n=0

|f (z) - s =

(1—:r)(z Spa’ =8 ). x")
n=0 n=0
as follows:

Estimating the expression above, we use the method of "splitting the sums" again to bound the expression above

N oo
[f(@)=sl< (=) | 3 (sl + M)+ sup |s—sn| 3"
n=0 n>N+1 n=0

<S(A-2)(N+1)(N+M)+ sup |s— s,

n>N+1
In part 1, we utilize the fact that the left-hand sum (with terms) s, 2" is bounded by M, and the right-hand sum
has terms no bigger than 1, hence the expression itself is no larger than |s|. In part 2, we begin with the sum

starting with n = N + 1, but it is surely no greater than the sum starting with n = 0. Beginning with n = 0 allows

4

S1Bal} Yo laxl-
k=0
When n — oo, the tail behaviors of 3,, and a,, and the boundedness of the finite sums guarantee convergence.

O



us to eliminate terms. Now we can first set N large enough such that sup,,, (s — sn| < 5 (and we can do it
due to the convergent tail behavior of s,,.) Then we can choose x close to 1 (using the §-¢ method) such that

(I-2)(N +1)(N + M) < 5. Then the upper bound is established and we can conclude the result.

Remark. The best takeaway of the proof above would be the trick of "splitting the sums".

Now we discuss about the double sums. Generally, we are interested in the above question: when is

555 S 5

m=0n=0 =0 m+n=l

?Mz

The above three situations are obtained when we take the double sum (which can be represented as a matrix)
via three different ways: horizontally (grouping rows first), vertically (grouping columns first), and diagonally

(grouping diagonals). It should be rather easily believed that the statement doesn’t hold all the time.

Theorem. '"If we have absolute convergence, we can reorder things." More specifically, suppose

Yom=0 Lmeo|Tm,n| < +00. Then 00 0 30 0 Tim.n = Xoneo neo Tmon = 2120 Lmtnel Tm.n-

Proof. Define y,, = Y1 o|Zm n| (grouping columns) and z,, = Y1 _o|Zm | (grouping rows). By assumption Ym 'S
and z, ’s are bounded. Consider additionally a mapping s,, : Ng U {+o0o} — C defined as s,,(N) = N 2, ..
Thus (sm)e0_, is a sequence (s,,)e_, of continuous functions. Note that s,,(N) < y,,, for all m € N. Then by

Weierstraly’ M-test, Y- _, sm(N) — ¢, which is continuous on positive infinity as well. The continuity gives
o oo N co oo
t(+00) = I\l{im t(N) = J\l{im > sm(N) = Z Y Tmn =Y, Y, T
—> 00 — 00 m= n=0

m=0 n=0m=0

On the other hand, the definition of ¢ implies directly that t(+c0) =Y. 7°_ ¥ 7" o Ty .

More to cover about the diagonal sums in next lecture. O
Beginning of January 18, 2023

We begin today by recalling a theorem from last class regarding exchanging double sums.

Theorem. If Y )" (> _(|m.n| < oo, we have

(e}

i i Tm,n = i ixm,n:z Z Tj -

n=0m=0 m=0n=0 1=0 j+k=l

Having proven the first equality in the last lecture, we will attempt to prove the second equality now. Again, we
consider the notation that (y,,)re_g = YmeolZm.nls (2n) oo = Lomeo @nlTm.nl-
Proof. Note that for every € > 0, there exists N € Ny such that 3, ..y ym < § and ¥, 2, < 5. Thus for such N,

<D Ym+ Y, #n< 3= ¢€

m=0n=0 m>N n>N

(Here A is the desired common limit.) Geometrically, we desire the whole N x N box to be contained in some
partial sums of diagonals. That is, we want to find a L large such that ¥}, Y j+k=1 Tjk includes the V x N box

of our choice. Note that by choosing such N we already made the terms outside the box "negligibly small". As



L = 2N would suffice for our needs, we can have the following expression, which is bounded above by e:

2N N N
|Z Z Tjk — Z me,n| Z Ym + Z Zn < €.

1=0 j+k=l m=0mn=0 m>N n>N

Here, only the N x N square contains the terms that do matter. The difference between the two double sums for

large N and large L then tends to zero. This proves the claim. O

Now we discuss further on power series and their differentiability, starting with the following proposition.

Proposition. Let (¢,)2, be a sequence in C. Suppose Y., ¢,2" has radius of convergence R > 0. Define
(-R,R) - Cby f(z) =¥, ycnx™. Then,

* Y gcnx™ converges uniformly to f on [-r,r] for every r € (0, R).

e fis differentiable on (-R, R), with f'(z) = ¥o°, nc,z" L.

Additionally, the radius of convergence of f’(z) is also R. (Similar statement holds for f(™) (z).)

Proof. Consider the radius of convergence of ¥, nc,2™! first, which can be obtained with the root test:

limsup {/|nc,| = lim ¥/n-limsup /|c,|=1-R =R,

n— oo n— o0

Regarding the differentiability, first define fx (z) = 27]:[:0 c, ™. As the partial sum is finite, we have
N
frn(@) =3 ne,a™
n=1

As fx = f on [-r, 1], we know that fj = g, where g(z) = Y07, nc, ™! on the same interval by the differentiable
limit theorem (covered in 425a). O
A direct consequence of the above proposition: functions that can be represented by power series are very special.

In particulay, f(x) = Yo, cpz™ are infinitely many times differentiable on the interval of convergence. Additionally,

_f1O (0
= e

f(x)=co+crz+cox? + ... = co = f(0), e1 = f/(0), c2 G

Generalizing the ¢, ’s, ¢, = f(")(0)/n!. This is the Maclaurin series of f(z) (at z = 0.) More generally, the Taylor

series of f(x) at z = a takes the form of

oo r(n) a
f@)- 3 @y

Remark. The power series representation is unique. Specifically, in the radius of convergence, if

then a,, = b, for all n € N. This can be shown by the fact that },° ;(a,, - b,)2" = 0, hence a,, - b,, = 0™ = 0.
Remark. Consider the function f(z) = ™/ »* atz # 0 and 0if z = 0. We will prove it in a homework exercise that
(™ (0) = 0 for all n, but f does not have a power series representation centered at zero.

We end today’s class by touching on Taylor’s theorem.



Definition. Let U and V be open subsets of R or C, with V c U. Consider a function f : U — C. f is analytic

on V if at every a € V, f has a representation f(z) = Y o_,cn(z — a)™ on some neighborhood centered at a.

Theorem. (Taylor) Suppose Y, ,c,z" has radius of convergence R > 0. Define f : Bc(0,R) - C by
f(z) =Xy cnz™. Then for every a € Be(0, R), there exists (dy, ), such that

zeBe(a,R—-|a]) = f(2) = iodn(z -a)".

Beginning of January 20, 2023

Today we will first discuss improper integrals. We have already learned Riemann integrals, which are usually

defined on a compact domain [a, b]. We can generalize the notation to non-compact intervals, which brings up the

definition of locally integrable functions.

Definition.
if I is an interval in R, we let Rj,.(I) denote the space of locally integrable functions on I. That is, the set

of those functions f defined in I which are Riemann integrable on every compact subinterval [a,b] c 1.

Definition. If f € Rjoc([a,0)). The improper integral of the first kind is defined by

faoof(a:) dx:blirgfabf(m) dz.

If g € Rioc((c,b]), the improper integral of the second kind is defined by

b b
f g(x) dx = lir%f g(z) dz.

Definition. If the improper integral of |f| converges, then the integral of f converges absolutely. If f

converges but not absolutely, it converges conditionally.

Remark. Any improper integral of the first kind can be transformed into an improper integral of the second kind,

and vice versa. For example,

o0 1 1 _
fa f(m)dx,x»—»;:_/o ?f(yl)dy.

Definition. If "something goes wrong" at the point ¢ € [a, b] (perhaps it’s unbounded or not included in the

domain,) and we wish to not consider the point ¢, we can define the improper integral [ab g(x) dz as

fabg(z) da:=/;cg(x) dx+fcbg(g;) d.

Remark. If f € Rjo(R) and [ f(y) dy converges, then

o0 z+R
[oo f(y) dy = lim fl__R f(y) dy.

7



The following lemma is analogous to the comparison test for series of numbers.

Lemma. Assume f € Rio.([a, o)) is nonnegative. Then

* Either [~ f(x) dz converges, or [ f(y) dy - o0 as z — +oo. In particular, the limit exists in R.

* (Integral comparison test) If [ f(z) dz converges and g € Rioc([a,0)) satisfies |g(z)| < f(z) for all = €

[a,+00), then [ g(x) dx converges as well.

Proof of (2). Consider the case where g is nonnegative. Then the limit exists in R by (1). Then convergence of

/. f(x) dz implies F(x) = [* f(y) dy is bounded above. Then for all z > a,
Oéfzg(y)dy<F(a:)<M<+oo.

Thus the limit lim, . /" g(y) dy is finite, hence the improper integral converges. Moreover, if g is real-valued

but not necessarily nonnegative, take the positive and negative parts of g and apply the same method. O

Corollary. Assume h € Rio([a,)), and assume [~ h(z) dz converges absolutely. Then [ h(z) dz

converges.
Proof. Apply the previous lemma with f = |h| and g = h. O

Proposition. Let f be a positive, monotonically decreasing function on [0, +o0). Then for m, M € N, m < M,

we have
M+1 M M
P 1f(n)<fm f(@)dz< Y f(n).

Consequently, the integral [~ f(z) dz converges if and only if ¥ f(n) does.

Proof. f(n+1)< [, nly () dz < f(n) as f is monotonically decreasing. Summing over n from m to M proves

n

the statement directly. O

Note that the previous proposition is only useful for proving absolute convergence. To show conditional conver-

gence, consider the following theorem.

Theorem. Let f:[a,0) — R be continuous and let g : [a, o) — R be continuously differentiable. Assume
additionally that F(z) := [ f(y) dy is bounded on [a, o), g(z) - 0 as z — oo, and [,”|¢'(y)| dy converges.
Then [, f(x)g(z) da converges.

Proof. We utilize the integration by parts formula.

[ 1@y ar= [T F @) e = FO)g0) - F@)g(a) - [ F@)g' @) da.

Since limp_,, g(b) = 0 and F is bounded, the first term F(b)g(b) tends to zero. Furthermore, F(a) = 0 so the
second term is zero. To show that [~ F(z)¢'(z) dx converges, let |F| be bounded by B. Thus [F(z)g' ()] <
Blg'(z)|. Since [,”|¢' ()| dz converges, [ F(z)g'(z) da converges as well. O



Corollary. Assume g: [a,+00) - R nonnegative, g(z) monotonically decreasing to zero. Assume also that

g is continuously differentiable. Then [ g(z)sinz dz and [~ g(z) cosz dz both converge.

Proof. Apply the previous theorem with f(z) = sinx or g(x) = cosz. Note that as g is monotonically decreasing,

[lg@lar=~ [ @) ar=gla) -9 > g(a).

Beginning of January 23, 2023

Today we will continue our discussion of improper integrals before finishing our proof on Taylor’s theorem, discussed
last Wednesday. Last Friday we noted that series and improper integrals have many similarities. However, there

also exist differences. Namely, the convergence of [, f(x) dz does not imply f(z) - 0.
Example. [ cos(2?) dz converges, but lim, o cos(z?) + 0.

We will throw a new concept in: the indicator function.

Definition. The indicator function of a set A is defined by

1, xeA;
]IA(.T) =
0, z¢A.

Example. Consider the case where
2K2 777 22

f(z) = ’iﬂ[kl ]HL](iE)\/E.

Then f(k) - oo for k € N, k - oo (the function is actually unbounded), yet

oo ) oo k+—L_ oo
[Ty@ar= [Tr@ar=3 [T VEdr= 3 <o
0 0 k=1 k‘ﬁ k=1

The series converges absolutely but f is unbounded!

Now we go back to discuss Taylor’s theorem. Recall that f is analytic in V' if it admits a power series representation
with radius of convergence R > 0 centered at any point a € V. With this definition, we have Taylor’s theorem as

follows:

Theorem. (Taylor) Suppose Y.~ ,c,z" has radius of convergence R > 0. Define f : Bc(0,R) — C by
f(2) = ¥ ycnz™. Then for every a € Bc(0, R), there exists a sequence d,, such that f(z) = d,(z — a)”

whenever |z - a| < R - |al.



Proof. We start our proof by noting that

f(z) = icnz”: icn((z— Y+a)" = ZCH(Z(Z)(Z_a)kank):”io:i ( )(z a)kan*.

n=0 n=0 n=0 k=0

Here we wish to change the order of the double sums. Assuming validity of change in order,

i i (z- a)k.
k=0 n=k

Here treating the as dj, gives us a new power series approximation.

Now it suffices to show that Y5> Si_ole, (3) (2 — a)*a™*| is finite. Regarding this, we have

> Sen() 2 -a)tamt & Sl - ol

n=0 k=0 =

= Sleal(iz=al + )"

With |z — a| + |a] < R, the infinite series converges (absolutely), so we can justify the change of order of sums.

For the sake of completeness, we touch on some special functions that are defined based on the power series.

Definition. The exponential function exp : C — C is defined by the power series as

exp(z)= 3 2

n=0 1

Based on the definition of exponential, we then have the definition of the sine function and the cosine function:

Definition. The sine function sin : C - C and the cosine function cos : C — C are defined as

sinz = 2% [exp(iz) — exp(—iz)], cos(z) = % [exp(iz) + exp(—iz)].

Example. expz =expz. This is equivalent to Y-, n! = Zn o0 =7 Using the (uniform) continuity of the

complex mapping z — 7, defining f(z) =z and applying limits give

X 2" .z
Zn. 1\1/1—12027=1\1;1_I,20 (Z n!)=f(hm 7)=expz.

n=0 —o n! =0

Example. sinz =Im(exp(iz)) and cosz = Re(exp(iz)) if z € R.

Remark. From the above example we have
e’ = cis(0) = cos 0 + isin .

We end the class with a calculation.

10



Proposition.

exp(z + w) = exp(z) exp(w).

Proof.

Beginning of January 25, 2023

Today we will talk about convex functions.

Definition. Given a real vector space V (here we consider R™), a subset F c V is convex if whenever
a,be E and X € [0,1], we have Aa+ (1 - \)be E as well. Aa + (1 — \b) is the convex combination of a and b.
A function f : E — R is convex if its epigraph epi(f) = {(x,y) : y > f(x)} is a convex subset of V' x R. (Here

x can be a vector - it need not be in R.)

Proposition. f: F — R is convex if and only if for every a,b € E and for every A € [0,1], f(Aa+ (1 - Ab) <
Af(a) +(1=A)f(b).

We will restrict attention to functions defined on an intevral (o, 8) c R.
Lemma. Let f: (a, 8) - R be a convex function, « < a < b< c< . Then
f(b) = fla) _ fle) = fa) _ fle) = f(b)
b-a h c-a h c-b

Proof. Let b= Aa+ (1-\)c for some A € (0,1). Thus

f(0) = fAa+ (1=X)c) <Af(a) + (1-A)f(c).

Subtracting f(a) from the expression gives

f(0) = fla) <(A=1)f(a) + (1 =X) f(c) = (1 = M) (f(c) = f(a))-

At last,

f(b) = fla) _ (A=M)(f(e) = f(a))
b-a h (1-XN)(c-a)

Here we used the fact that b= Aa+ (1 - A)c=(1-A)(c-a).

Lemma. Let f: (a, 8) - R be a function. If

f(0) = f(a)  f(c) = F(b)
b-a c—-b

whenever a < a < b < ¢ < 3, then f is convex.

11



Remark. This is essentially the converse of the previous lemma.
Proof. We want to show that for every a,c € (o, 8), (WLOG let a < ¢,) f(Aa+ (1-X)ec) < Af(a)+ (1=X)f(c).
Choosing b = Aa + (1 - A)c, there exists v € R such that

f(b) - f(a) <ﬁy<f(0)—f(b)
b-a S c—-b '

From the first inequality, we have f(b) < f(a) +v(b-a); from the second inequality, f(b) < f(c) - v(c - b). Thus
f®) <Af(a)+(1=A)f(c) +
As the blue part is A(b—a) - (1= A)(c—=b) = (A+ (1 - A))b - (Aa+ (1 - A)c) = 0, essentially
f(b) <Af(a)+ (1=A)f(o),

which suffices to show that f is convex. O

Introducing a new concept: Lipschitz functions. The concept of Lipschitz may or may not be completely new; (it in

fact did appear on Prof. Leslie’s Midterm 2 for 425a.) But anyways... Here it is, the more formal definition.

Definition. A function f : £ — R is Lipschitz if there exists L > 0 such that for every x,y € F,

[f (@) = f(y)l < Lz - yl.

f: E > R is locally Lipschitz of f |k is Lipschitz for any compact K c E.

Remark. f ¢ O if f is continuously differentiable.

Remark. A couple of remarks in order:
» feCU(E) = f e Lip(E) # f € Lip(E).
* feLip(E) = f is uniformly continuous.
* feLip(FE) # f is differentiable. (However, it is differentiable almost everywhere.)

We end today with a sketch of a proposition.
Proposition. If f: (a,8) — R is convex, then f € Lip,,.((«, 3)).

We give a brief sketch of the proof: choose K c (a, 8) compact. Then our goal is to show that |W| < L. More

to cover in the next lecture.
Beginning of January 27, 2023

In the last lecture, we discussed convex functions - functions with a convex epigraph (the region above the graph).

We also discussed that convex combinations satisfy
fQa+(1-2)b) <Af(a) +(1-X)f(b),

where the equality holds when f is linear. Additionally, the secant line between a and b has a lower slope than the

secant line between c and d (for a < b < ¢ < d in domain.)

12



Also recall that Lipschitz functions obey the following inequality:

[f (@) = F(y)| < L(z,y)

for some L > 0 for all z, y in the domain. The function is locally Lipschitz if f is Lipschitz on any compact set.
Corollary. If f:(a,f) — R is convex, it is locally Lipschitz.

Proof. Given K compact and K c («, ), it suffices to show that for all z, y € K, there exists Lk such that

[f (@) - f(W)l < Lk |z -yl

Choose a, b, c,d € (o, 3) such that a < b < inf K <sup K < ¢ <d. Then, for all z,y € K and = <y (WLOG),

0) - @) 1) -1() D7)
b-a y—-x d-c

Thus
f(b) - f(a)
b-a

f(d) - f(e)
’ d-c

LK:max{ < Lg.

}3 f(y) - f(x)

y—x

Proposition. If f: (a, ) — R is differentiable, then f is convex if and only if f’ is nondecreasing.

Proof. (=) Assume f is convex. Then WLOG choose z < y; from the convexity of f we have, for some h > 0,

f@)=fla=h) fly+h)-[fy)
h h )

As differentiability of f is assumed, taking h — 0 gives f'(z) < f'(y).
(<) Assume f’ is nondecreasing. Choose p and ¢ arbitrarily. By the mean value theorem, there exists a,b,c €
(a, B) such that

$y = 10D iy SOOI ) ¢ i),
As p and ¢ are arbitrary, the proof is done. O

We now try to apply convexity in three inequalities: Young, Holder, and Minkowski.

Theorem. (Young) Leta,b>0, A€ (0,1),p=XA"tand ¢=(1-))"! (p and q are Holder conjugates.) Then

X
absa—-r—.
p q

Proof.

ab = exp(log ab)
=exp(loga + logb)
= exp (p_1 loga? + ¢ log bq)
< Aexp(loga?) + (1 - X) exp(log b?)
a?  b?

=—+—.
p g

13



Convexity is used in the inequality step; note that p~* = Aand ¢t =1 - \. O

Theorem. (Hélder) Let f, g € Rioc(R); p and ¢ are Holder conjugates. Then, (proof as exercise,)
P H q . _
[ r@g) o< ( [ 1@ o) ( [la@ az) =111, o],

We will later learn that ([ |f(z)[ d:z:)% is the L? norm of f. The following theorem shows that this is indeed a

norm. In other words, the triangle inequality is satisfied.

Theorem. (Minkowski) Let f € Rio.(R) and p > 1. Then

In more humane (as of now) notations,

b o \7 Y Y
([1r@+g@p a)"<( [1r@F az)"+( [ lo@)F )
Proof. Consider | f +g|? first. First consider the triangular inequality |f + g| < |f] +|g|. This way,
_ P °° p-1
1= [1f@)+ 9@ do< [ (@) +lg@DIf (@) + g(@)™ da
= +
By Holder’s,

I< N

Thus

1 p=1

1= [ sl as|( Lir@r as) ([ dm)’l’] ([ 1) +g@P @)’

Simplification gives the desired result. O

Lastly, we talk a bit about log-convexity.
Definition. f: («,f) — (0, 0) is log-convex if logo f is convex.

A couple remarks are in order.
Remark. It is (to be proven as an exercise) true that log-convex implies convex.
Remark. Perhaps the least log-convex function is the exponential function; log(exp(z)) = x (which is the least

convex function.)

Proposition. If f(«a, 5) — (0, o) is log-convex, then, (proof as exercise,)

FQa+ (1=2)b) < f(a)* F(0)' .

14



Beginning of January 30, 2023

Today we will discuss about the Gamma function. The Gamma function provides an extension of n — n! to (0, o).

If we are to extend the factorial function in a meaningful way, we must consider the following two properties:
e T T(x+1)=2al(x),
e (I'2) T(1) =1.

It turns out that there are many extensions satisfying (I'l) and (I'2). Adding one additional constraint makes the

function unique.
* (I'3) T is log-convex.

It makes natural sense; considering the log of the factorial function,

log((n +1)!) —log(n!) ~log ( (n+1)!
!

(n+1)-n n)ZIOg(n+1)’

an increasing function.
Theorem. There exists at most one f : (0, 00) — R satisfying (I'1) - (T'3).

Proof. Let’s assume first that some f satisfies (I'l) — (I'3). To include the log-convexity, it is better to consider
o = log f; it then suffices to show the convexity of . Considering f(n + 1) = n!, ¢(n + 1) = logn!, and the

convexity of f guarantees

logn < p(n+l+z)-p(n+1)

. <log(n+1) :>O<go(n+1+x)—<p(n+1)—xlogn<xlog(n;1).
Noting p(n + 1) = log(n!), the inequality becomes

0<p(n+1+x)-log(nin®) <zlog(l+n").
Consider ¢(n + 1 + ), which has the form

p(n+l1+z) =log(f(n+l+x)) =log((n+z) f(n+x)) = ... =log((n+x)(n-1+z)...(1+z)z f(z)) = o(z)+log(x(1+x)...(n+x)).

With such expansion in mind, we can rewrite the equation as

n!n®

O<<,0(a:)—log( )Swlog(1+n‘1).

z+(l+z)...(n+x)

Subsequently,

. nln®
o) = i, log (x(l +2)...(n+1x) ) '

Here f(x) would now be defined on (0, 1); however, (I'1) and (I'2) guarantees that as long as f is defined on
(0,1] it would be defined on R, . This finishes the proof. O

Definition. The gamma function I": (0, 0) — R is defined by

I(z) = / t"le ™t dt.
0

15



Proposition. T satisfies (I'l) - (I'3).

Proof. First consider
2l(x) = f ot* et dt = f tYet dt =T'(x +1).
0 0
This satisfies (I'1). For (I'2), I'(1) = [, t%* dt = 1. (I'3) is left as homework. O

We will end the section with Stirling’s formula. The formula itself doesn’t need great attention, but it’s useful to

know nevertheless.

Theorem. (Stirling)

Corollary. For large x,
S\ T
I‘(x+1)m(£) 2me.
€

That wraps up chapter 2 (of the lecture notes.) In the next chapter, we will deal with vector spaces and some of
their properties. The following content may (or may not) be review. Here we will predefine a field F' (F' = R or

F = C for the scope of this course.)

Definition. A vector space over F', a F-vector space, is a set VV with two operations:
e Addition V xV -V,
* Multiplication by scalars F' x V - V.

Operations in the F-vector space must satisfy commutative and associative properties of addition, associative
and distributive properties of multiplication (in both ways - scalar multiple and vector), and the existence of

an additive identity (the "zero") and a multiplicative identity (the "one").

Definition. A subspace W of an F-vector space is a subset W c V which is itself a F’-vector space.
Remark. We only need to check that W is closed under addition and scalar multiplication.

Example. F" =F x F x ... x I is an F-vector space.

Definition. Consider a F-vector space V, and S c V. A linear combination of elements of S is a sum

n
Zcivi, cieFlv;eSi+j=v; #v;.
i=1

A linear combination is trivial if all the ¢; ’s are zero; otherwise it is nontrivial.
S is linearly dependent if there exists a nontrivial linear combination such that ¥} ; ¢;v; = 0. Otherwise, S is

linearly independent. The span of S, denoted span(S), is the set of all linear combinations of S.

16



Definition. S is a (Hamel) basis for V' if for every v € V there exists a unique finite linear combination of

elements of S which is equal to v.

A couple remarks in order, recalling from concepts of linear algebra, namely the invertible matrix theorem.
Remark. S is a Hamel basis if and only if S spans V and S is linearly independent.

Remark. If S is a basis for V and S is finite, V is finite-dimensional with dimV = #5. Otherwise, V is infinite-

dimensional.

Remark. Suppose V is an n-dimensional F-vector space, n € N. Then
* any n-tuple of linear independent elements of V is a basis for V,
* any n-tuple in V that spans V is a basis for V,

* any basis for V consists of n elements of V.

Definition. If B = (vy,...,v,) is a basis for an F-vector space V, then for Lg : V — F",
Lp[civr+ ... +cpvn] = (1,5 0n)

is the coordinate map associated to B.

Beginning of February 1, 2023

A reminder of last lecture: given a field (F,+r, -z ), a vector space over F', or an F-vector space, is a pair (V,+v,-v)
such that V is closed under addition +y : V' x V - V and scalar multiplication - : ' x V' — V and is compatible

with the field operations in F'.

In order to do analysis on vector spaces, we need a topology; and the most common way to introduce a topology is

by introducing a norm, measuring the size of an element in a vector space.

Definition. Let V be an F-vector space. A seminorm on V is a function ||| : V — [0, c0) such that
* v 20forallveV,
* |av| =|a||v| forall e Fand v eV,
* (Triangle inequality) |u + v| < |ul + |v| for all u,v e V.

Additionally, a norm on V is a seninorm such that

* ||v| =0if and only if v = 0.

17



Example. Consider F" = F' x ... x F', where F' = R or C. The Euclidean norm is defined by

2 2
l@1s s an) | = Ve + o+ 2]

Meanwhile, the "square" norm, or the uniform norm, is defined by

H(xlu >xn)Hu = 11,2;15% ‘./L'J| .

Example. Consider FX, the set of functions f : X — F. Let
B(X;F) = {f eFX f bounded}.
The uniform norm |-|, : B(X; F) - [0, o) is defined by
1 £l = sup £ ()]

When X = [n], the uniform norm is exactly the one above.

Remark. For B(z; F') under the uniform norm where X = [a,b] and F' =R, B(f,¢€) is an e-tube around f. Thus,

|f=gl, <e= sup |f(z)-g(x) <€l

z€[a,b

Remark. If f is bounded, we can define | f|, = +o0, even though f ¢ B(X; F'). Hence
[y FX = [0,+00],  B(X;F) = {f e F¥:|f], <+oo}.

In 425a, we knew that every normed vector space can be thought of as a metric space. Hence, we can consider the

properties like convergence and continuity.

Proposition. In any normed F-vector space (V, |-||), the following functions are continuous:
* Translation: f: (V,|-|) = (V,|cdot|) defined by f(v) = v + vy,
* Multiplication by scalars: g : (V, |cdot|) = (V, |cdot|) defined by g(v) = awv,
* Taking the norm: h: (V,|-|) — [0, o0) defined by h(v) = |v||.
In general, f and g are homeomorphisms. They are:
* bijective,
e continuous,

* and they have continuous inverses.

There are useful vector spaces that are not R”, but they are essentially isomorphic to R™. Consider the following.
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Example. Suppose V c B([0,27];R),
V = span ({sin(nx), cos(na:)}f:]:1 U {1}) .
V has basis B = (1,sinz,cosx, ...,cos Nz, sin Nx); it has dimension dim V' = 2N + 1.
Proposition. Let V be an n-dimensional F-vector space. Assume B = (v1,...,v,) is a basis for V, ||, is a
normon V, and Lg : V — F™ is the coordinate map Lg(civ1 + ... + ¢pv,) = (¢, ..., ¢, ). Then

||, F" = [0,00) = |(c1s.ees¢n)|, = ||L}31(01,...,cn)||v

is a norm on F", and
Lg: (V[ -ly) = (F, [l,)

is an isometry and therefore a homeomorphism.
We now define Banach spaces.
Definition. Let (V,||) be a normed F-vector space. If (V, |||) is complete, then (V, |-|) is a Banach space.

Remark. Note that a set is complete if every Cauchy sequence in it converges.

We give some examples. Define a space of functions with a metric space (X,d) and F =R or C.

Definition.
* C(X;F) is the set of continuous functions f : X — F.
* BC(X;F) is the set of bounded continuous functions. That is, BC(X; F) =C(X;F)n B(X;F).

* Co(X; F) is the set of compactly supported continuous functions on X.

Remark. We define the support of f by

supp(f) =Clx{z e X : f(x) #0}.

f is compactly supported if supp(f) is compact.
Additionally, we always equip subspaces of B(X; F') with |-||,. However, this is not the only possible norm.
Remark. (BC(X;F),|-|,) is a Banach space for F' = R or F' = C. This can be proven using the completeness of R

and the uniform limit theorem.

Example. The L” norm is an alternative to the uniform norm. On C([a,b]),

1= ([ @ az)” petre),
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Beginning of February 3, 2023

Last time, we talked about normed vector spaces and function spaces. Sometimes it might be helpful to define more
than one norm on the same vector space. In fact, we are able to compare the two norms by equivalency.
Definition. |-|, and |||, are equivalent, denoted |||, ~ |-|,, if there exists ¢, C' > 0 such that for all v € V,
cllol, <llvl, < C ol
|-, is strictly weaker than |-||, if |-|, + [-[,, but there exists C' > 0 such that for all v e V,
[vla <Cloll, -

|-|, and ||, are comparable if they are either equivalent, or one is strictly weaker than the other.

Example. In F", the Euclidean norm and the uniform norm are equivalent. Consider x = (1, ...,z,). By

the uniform norm, || = max;e[,; |z:| = |z|,. Note that for some j € [n] where |z], is defined upon,

2 2 2 2
I, = VlesP <Vl + o+ laal? = 2] <\/nles? = Vo],

Example. In the space C'([a,b]), consider | f| - = | f], + |- We know that | f|, < | f[o:. We claim
that |-| . is strictly stronger. It suffices to show that there is no C' such that || f|.. < C|f],. Proving by
contradiction, choose C > 0 and suppose | f||o. < C'||f|,- As the C' norm encodes information not presented
by the uniform norm - the derivative - it now suffices to find a function that oscillates fast yet has small

amplitude. Pick f(z) =sin(n(z —a)) and let n > C. Then f'(a) =n > C, contradicting with the assumption.

Theorem. Let V be an F-vector space, and let ||-|, and |||, be two norms on V. Let 7, and 7, denote the

associated topologies. The following are equal:

(1) b-norm is stronger than a-norm: |v|, < C |v], for some C' >0 forall v e V.

(@ B.(0,1) is open in (V, -],)-

(3) There exists r > 0 such that B,(0,r) c B,(0,1).

4 TocT.

(5) If (v;)52, is a sequence that converges in (V, |-||,,), then it also converges in (V,||-[,)-
(6) id: (V.|],) > (V.| ],) is continuous.

(7) v ||, is continuous on (V, |-[,) = [0, c0).

Corollary. |||, ~ ||, if and only if 7, = 7j.
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Proof: (1) implies (2). Assume |v], < C|v|,. Consider an arbitrary point € B,(0,1), we attempt to show that
there exists a neighborhood defined on the b-norm that is also included in the a-ball. Consider first r = 1 - ||z| ,

which implies B, (z,r) c B,(0,1). By assumption,
Ba(z,r)={y: ly -z, <r} > {y: ly-z[, <rC7'} = By(z,rC7).

Thus By (z,7C™!) is a neighborhood contained in B,(0,1). As the choice of x is arbitrary, each = € B, (0, 1) is an

interior point under the b-norm, hence B,(0,1) is open. O

Proof: (2) implies (3). If B,(0,1) isopenin (V,|-|,), considering zero is an interior point of B, (0, 1) with respect

to [-[,, we are automatically done. O

Proof: (3) implies (1). Suppose By(0,7) c B,(0,1), i.e., |[v|, <7 = |v[|, < 1. Choose v € V\ {0}, and define

W= o T for some 6 > 0. As § - 0, w — r~, thus w € By,(0,7) c B,(0,1). Knowing that ||w|, < 1, this implies
b

lvl, r 1+6
. <1l=|v|. <
”UH}) 1+5 N H Ha N r

[olly -

Letting 6 — 0 gives C = r~ 1. O
Proof: (2) implies (4). Assume B,(0,1) is open in (V, |-|,). From this we know that B, (0, 1) € 75, which implies
B,(x,r) € Ty, (by scalar expansion/contraction and/or translation). As any arbitrary balls in 7, is also an element

of T,, any arbitrary open sets, in terms of unions of open balls, also belong to 7. O

Beginning of February 6, 2023

In the last lecture, we showed that 1 = 2 = 3 = 1, and 2 = 4. Today we prove the other few.

Proof: (4) implies (5). Assume T, c Ty. Let (v;)2, be a sequence that converges to v in (V, |-|,). Let U be an
open set in (V, |-||,) that contains v. U € 7, c T;,. Therefore there exists N € N such that n > N = v,, € U. Since

U is an arbitrary set in 7,, we are essentially done.
Proof: (5) implies (6). Here we consider the sequential characterization of continuity. Wanting to show v,, - v
in (V,|+|,) implies id(v,,) - id(v) in (V,|-|,), we are automatically done by (5).
Proof: (6) implies (7). Consider
o, = o, = ol
The following composition v ~ |v|, is a composition of continuous functions, hence is continuous.
(7) implies (2). Assume (7) holds; then f : (V,|-]|,) = [0, c0) defined by f(v) = ||v|, is a continuous mapping.
Therefore, B,(0,1) = f7([0,1)) is the pre-image of an open set in [0, o), hence is also open. O

We have equipped ourselves with sufficient tools to tackle the problem of norm equivalencies in finite-dimensional

real or complex vector spaces. This is our next goal.
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Theorem. All norms are equivalent on any finite-dimensional real or complex vector space V.

Proof. 1t suffices to consider the case V' = F" where F' = R or C. Indeed, suppose this case is proven, consider
W be an n-dimensional F-vector space with basis (w1, ...,w,). Then let ||y, and ||y, be two norms on .

Define norms |||, and ||, on F™ by
I(c1,.cyen), = lerwr + oo+ cuwn | Wa,  |[(c1, .oy, = [lerwr + ...+ annHWb .

As |||, and [-[, are equivalent by assumption, |-|, and [-[;, are equivalent as well.

Now it is left to prove that any c-norm |-, on F™ is equivalent to |-|.

Proof. It suffices to show the existence of ¢, C' > 0 such that
(*) (%)
clol < vl < Clol,
(*) Let (ey, ..., e,) denote the standard basis. Then forv eV,

n
Z v;e;
i=1

lolo =

n n
<l leily <ol 2 leill, -
o =1 i=1

As ¥i"; |e;|,, is only dependent on « and independent on v, name that C,, for each a and we are done.

(#*) Consider the boundary of n — 1-dimensional sphere: S"! = {v: |v| =1}. By Heine-Borel, S"! is
compact. Knowing that the Euclidean norm, equivalent to the uniform norm, is at least stronger than the
a-norm, consider f: (V,|-|) = [0, c0) that maps v ~ |v|, is continuous. Thus f |g»-1 has a minimum value

¢ # 0. (Well, if ¢ = 0, it wouldn’t make sense as only the zero vector has zero norm.) Considering v € V'\ {0},

v

eS™ ! = H” v
vl

T >e= ol >e
o] o «”

Then we are essentially done. O

The last part of the class will be devoted to the introduction of multiple integration, as the understanding of

elementary measure theory may be helpful to learning the rest of the content.

Definition. We say Z c R™ has measure zero if for every e > 0 there exists a countable collection A of open

n-cells R; = (a;1,bi1) % ... x (ain, bin ) that cover Z such that

z[ﬁlwm ~ai)] <e.

i

volume of R;

Beginning of February 8, 2023

Last lecture we discussed the definition of measure zero. Today we will first discuss Riemann integration in R2,
constructing the integral from scratch.
Consider a rectangle R = [a,b] x [¢,d]. Recall that in the one-dimensional case we partition [a, b] into n partitions;

here we consider
p— n p— p— . —_— m — p—
P={x;},_o, a=x0 <z <...<Tp =D Q—{yj}jzo, c=Yg < ... <Ym =d.
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Therefore we obtain a two-dimensional "grid" G = P x @, partitioning the rectangle into mn parts. Denote R;; =

I, x J;, where I; = [x;_1,x;], J; = [yj-1,y;]. The area of each part is then
|Rij| = L] - |J;] = Az; - Ay

Additionally, we can choose a sample (s;;,¢;;) in each of the rectangles. Multiplying the function value f(s;;,t;;)
at the sample point with the area of the rectangle R;; gives the volume of the "rectangular prism" at the ¢j-th part.

Therefore it makes sense to define the Riemann sum as following:

U(f, G) =Supg R(f>G7S) = Ziyj M;; |Rz’j|

R(f,G,S) =" f(sij,ti;) |Rijl,
6J L(f,G) =infs R(f,G,S) =%, ; mij | Rij| ,

Here M;; and m;; is the supremum and infimum of f on the ij-th minor rectangle. The upper Riemann integral
is defined as the infimum of U(f,G) over all choices of partitioning; the lower Riemann integral is defined as the
supremum of L(f,G) over all choices of partitioning. The function f is Riemann integrable on R if the upper and
lower Riemann sums equate: if for every ¢ > 0 there exists a partition G such that U(f,G) — L(f,G) < e. This part

is identical to the one-dimensional case.

Consider the following theorem (which may be surprising,) which we will prove later.

Theorem. (Riemann-Lebesgue) A bounded function f : R — R is Riemann integrable if and only if its set of

discontinuities has measure zero.
We don’t have the proper tools to prove the theorem. We will leave it aside and come back to it when we do.

Proposition. In R”, the following sets have measure zero (to be proven as an exercise):
* Any finite set
* Any finite or countable union of measure zero sets
* Any subset of a measure zero set
e R x {0}

* The image of a measure zero set under a Lipschitz function f : R” — R".

Definition. Define f: U — R, where U c R". Given x € U, the oscillation of f at x is defined by

oscx(f)=1_g%( sup f(y)- inf f(z))

yeB(x,r) zeB(z,r)

Example. Consider f(z) =sin(z™') for = # 0 and 0 when z = 0. Here
osco(f)=1-(-1)=2.
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Example. For a function g € R - R with a jump discontinuity at x = ¢ (assume g(c+) > g(c-)),

SUPyep(s,r) 9(Y) = g(c+) +e(r) = osce(g) = g(c+) - g(c-).

inf.ep(a,r) 9(2) = g(c=) =(r)

Proposition. f is continuous at z if and only if osc,(f) = 0.

The proposition is rather trivial in proof; however, it has great implications. Particularly, we can consider

D = discontinuities of f := ] {a: coscg(f) > %}
k=1

Proof of Riemann-Lebesgue Theorem. (=) Assume f is Riemann integrable. It suffices to prove that D;, has mea-

sure zero for all k € N, where

Dy, = Dy\ {gridlines of partition}, D = | D.
k=1

The rationale behind which is that if D] has measure zero, D;, also has measure zero as the gridlines have
measure zero from the previous proposition. Subsequently, D, as the countable union of Dy, has measure zero.
(Out of time. More in next lecture...)

Beginning of February 10, 2023

Today we continue with the unfinished proof on the Riemann-Lebesgue theorem.

Theorem. (Riemann-Lebesgue) A bounded function f : R — R is Riemann integrable on R if and only if its

set D of discontinuities has measure zero.

Proof of the two-dimensional case. (=) Define Dy, = {(a:, y) € R:osciz ) (f) 2 %} It suffices to show that Dy, has
measure zero for every k € N. The main idea is to cover D; with open rectangles associates to some sufficiently
fine grid G = P x Q. For Dy, define D) = Dy\[(P xR)u (R xQ)], i.e., D}, is D;, minus the "grid lines" of G.
Consider the collection of open rectangles {R;,} associated to grid G. Consider

B := {R;; which intersect D}, } > Dj,.

It then suffices to show that B has infinitesimal hypervolume. Consider

Y Rl <k Y (Mij —maj) Rl = k(U(f,G) - L(f,G)) <e,
R;;eB R;jeB

last step by the fact that f is Riemann integrable. Note that M;; = sup,.c( ri) S (), mij = infoeci(r,,) f(2)-
(<) Define Dy, = {(m,y) € R:osC(y ) f 2 %} Suppose D has measure zero. Given a grid G and k € N, each R;;

belongs to one of the following:

)

Consider the difference between upper and lower Riemann integrals:

U(f,G) - L(f,G) = +
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Concerning the , we know that , hence

X, |Rijl
< ——mmM.
k

Regarding the , with M;; —m;; < 2] f],, we have

<2|fl, X 1Ryl
R;eB

With 3 Ri; |R;;| fixed, we can first choose k € N, independent of the grid G chosen, such that % < 5. Here we
utilize the fact that D c D has measure zero for all k£ € N. Denote the cover of open rectangles {Sk}z’zl > Dy,
with total volume less than m. Here we need an additional lemma: the Lebesgue number lemma.

Lemma. (Lebesgue) Let K be a compact subset of a metric space (X, d). Let U/ be any covering of K, then there
exists a Lebesgue number A > 0 such that £ c K and diam(E) < X implies F c U for some U € U.

Note that we cannot directly apply Lebesgue number lemma to D, as Dy may not be compact. However, we can
apply similar logic to R. For every z € R\Dy, let W, be a neighborhood of = such that supy,_ f -infy, f < %
Then U = {W.},cp\p, U {Sk}s., covers R. As R is compact, let \ be the Lebesgue number associated with this
covering U, we can choose G such that diam(R;;) < X for all R;;. As each R;; must in contained in some U € U
regardless if R;; € G or R;; € B, picking R;; € B ensures R;; be contained in some 5;. As each R;; € B is contained

in some Sy, Y5, 5 [Rijl < X1 [k < m. Therefore U(f,G) - L(f,G) < § + § = ¢, and we are done. O

Based on the Riemann-Lebesgue theorem, we can define the following:

Definition. Let S c R" be such that 95 has measure zero. We can define

[Sf:fRfH&

where R is any rectangle that contains S.

Beginning of February 13, 2023

Today we will cover Fubini’s theorem, similar to the one that is covered in multivariable calculus.

Theorem. (Fubini) Consider R = [a,b] x [¢,d]. Then for continuous f,
b rd d b
[[r=[ [ r@wayde= [ [ f@.y)dedy.

As we learned previously from Riemann-Lebesgue, we know that f is Riemann integrable if the set of discontinuities

has measure zero. We can find some examples where the Fubini’s theorem in Calculus 3 fails to work.
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Example. Consider f:[-1,1]? - R defined by f(z,y) =1 for z € Q, y = 0 and f(z,y) = 0 otherwise. Note

[11 f(2,0) dz

does not make any sense. However, the discontinuities D = [-1,1]x {0} has measure zero, hence the function

is indeed Riemann integrable.

With this said, consider the Fubini’s theorem - kai, 425b exclusive (actually not.)

Theorem. (Fubini - kai) Assume f : R — R is bounded. Define the lower and upper slice integrals as

F(y) :[abf(:my) dz, F(y) :/abf(m,y) dz.

If f e R(R), then F, F € R([c,d]), and

fRf=fch(y)dy:fcdf(y) dy.

Corollary. If F = F on [c,d], then the Calculus 3 version holds.

Remark. We may (or may not) be able to prove Fubini’s theorem using the interchangability of double sums...

Proof of Fubini’s theorem. Consider the first statement: F,F € R([c,d]). Usually we were asked to create a
partition... But right now, as we need to construct our partition given some grid partition R. Hence, choose
€>0,and let G = P x @ be a grid such that U(f,G) - L(f,G) < e. It suffices to prove

() — G
L(f,G) < L(E,Q)<U(F,Q) < U(f,G).
We only focus on proving (*); (*#) can be proven in an analogous way. To this end, consider
L(f,G) =Y mij |Rij| = ) (Z mz‘jAﬂﬁi) Ayj, myj= inf  f(x,y),
ij j=1 \i=1 (z,y)eRq;

L(E,Q) = ), mjAy;, m; = Inf .

j=1
Here m;; is the infimum of f over each grid m;;, and m; is the infimum of F over the strip J;. Now it suffices to
show that, for all 7,

m
Z mleI’Z < m;j.
i=1

Fix y = yo. By the definition of infimum we have
m;; = inf f(fE,y) < inf f(x7y) = inf f(%yo) :mi(xayO)'
(z,y)eR;; zel;,y=yo xel;

Here the left-hand side essentially takes the infimum over a superset of the right-hand side, hence the inequality
between infimums can be established. As a result of this inequality, we have

m m b

> mis i € Y mi(w yo)Aai = L(f(@y0). P) < [ flay) da = E(y).

=1 =1 a

Taking the infinum over J; on both sides returns the desired result. O
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Lastly we will touch a bit on Schauder basis.

Definition. Let (V,|||) be a normed vector space over F = R or C. The sequence (v;)$2, in V is a Schauder

basis if for every w € V' there exists a unique «;, i € N, such that

lim

n—oo0

n
Z ;0 — Wl = 0.
i=1

The key differentiation between Schauder basis and the Hamel basis is that the former introduces approximation
by a limit, meanwhile the latter requires the linear combination to equate with w. Namely, {?(N;C) has Schauder

basis ¢, = (0,---,0,1,0,---), but e, is not a Hamel basis.
Beginning of February 15, 2023

Having equipped ourselves with the notion of measure zero, we can continue with a more efficient discussion of
cheap LP spaces. They are not inexpensive; they are cheap. Note that the real L? spaces are defined using the
Lebesgue integral instead of the Riemann integral. They are, however, useful enough to justify introducing them in
this context.

L? norms measure size in many different ways. However, they are not true norms on spaces like Rj,.(R). The
primary reason is degeneracy. Specifically, consider the function that takes f(z) =0forz #cand x =a forz = a. It
is zero a.e., hence its LP norm is zero (from a previous exercise and from previous lecture on measure zero sets);
however, f is not the zero function f(z) = 0.

We can fix this problem by introducing a new normed vector space, where the elements are not functions. Instead,

they are equivalent classes of functions.

Definition. For f, g€ Rio.(I), I a closed interval in R, we say that f ~ g if f =g a.e. in I.

Introducing new temporary notations on equivalent classes:

[f1={9 € Rioc(1), f~g}.

An element g € [ f] is a representative of the equivalence class [ f]. Additionally, consider the space of all equivalence

classes, denoted as
Rloc(IvF)/ ~= {[f] : f € Rloc(IvF)} .

Theorem. Ri..(I,F)/ ~ is a vector space under operations [ f]+[g] = [f + 9], o[ f] = [af].

Remark. In the context of the Riemann integral, f = g a.e. in I is not enough to imply f ~ g. Both functions need
to be locally Riemann integrable. (A rather classic counterexample is the Dirchlet function, which is zero a.e., but
is not Riemann integrable.)

Well, one of my peers asked, "why are we learning the ’dumb’ way but not using the Lebesgue integral?" To answer

the question, the professor quoted some famous mathematician:
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I am aware of certain universities in England, where the Lebesgue integral is taught to first year undergrad. I

am not aware of any universities anywhere where these first year undergrads learn the Lebesgue integral.

Lebesgue integration is difficult, and required lots of "prerequisite" material to be defined rigorously. For now, we

can first consider the Riemann integral and perhaps wait a semester or two before we take a measure theory class.

2 1

Example. Consider an example of an equivalence class: fractions. With simple arguments like § = 3
holding, we can define an equivalence relationship like (2,4) ~ (1,2). However, consider the "dumb-dumb"

addition of fractions: § + § = #=¢. Why does this not work? The essence of the problem is that under this

system of addition, we cannot freely choose the representative of the equivalence class. (Try taking a = 1,

b=2and a =2, b = 4 respectively. We return different answers!)

Proof of the addition axiom. With the fraction example failing, if we need to show [f] + [g] is well-defined, it

suffices to show that f ~ " and ¢g ~ ¢’ implies f + g ~ f* + ¢g*. Consider
f~f e Zp:={x: f(z)* f*(z)} is a measure zero set,
g~g" = Zg:={zx:g(x)+ f*(g)} is a measure zero set.
Now consider h = f + g and h* = f* + g,
Zp={x:h(xz)+h*(x)} c ZyuZ,, ameasure zero set.
(The other vector space axioms are proved on a similar note.) O
Remark. We can easily obtain that [f] +[g] =[f +g9]=[g+ f] =[g9] + [f]-
Definition. We define cheap L” space as
L (1) = {[f] € Rioc(I)] ~},
such that a representative f(z) € [f] has

fI 1 (2)]P da < +oo.

Remark. It can be verified that taking any representative in the equivalence class yields the same result. Namely,

f~g=1f(@)" ~|g(x)[", so their integral are also the same.

Definition. The LP norm in cheap LP spaces is defined by

10, - (f @ as)

Remark. Later, we simply denote [[f]], as [ f],.

At least, we propose a theorem (that we would not prove.)
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Theorem. Assume f € Ri..(R) and f has finite L' norm. Choose ¢, > 0. Then there exists g € C.(R)
(continuously compactly supported) such that ||f - g|, < e and |g|, < 4| fl,. If supp(f) c (a,b), then g can
be chosen to satisfy supp(g) c (a - §,b+ §).

This is equivalent of saying if we use the L! notion of distance, we can take our favorite L! function f, and we can
find a compactly supported continuous function that is close to f in the L'-sense. (This statement still holds true
even with Lebesgue integrals.) This is particularly important if we want to consider any L' function. We will not

officially prove it, but (in the next lecture) we will at least try to convince ourselves that it’s true. :)
Beginning of February 22, 2023

Consider the theorem from last week (I am quoting the notes from the last lecture): if we use the L' notion of
distance, we can take our favorite L* function f, and we can find a compactly supported continuous function that is

close to f in the L'-sense.

Sketch of proof. Consider the function f. It has to decay for large = values (or else it would have infinity L'

norm.) We can then truncate the function over some compact interval [ A, B]:
f*=f-Tan)

This allows us to approximate the integral by a step function on a couple of tiny intervals. We can then choose
the value of these steps as, for example, the infimum of the function over each interval (the lower Riemann

sum.) We then have the area as such - we should be familiar with it:

f** —

miﬂ[zq‘,—lwi)'

o

I
Ju

However, the step function we get it not continuous. Instead, we replace each of the tiny steps with something
that is continuous. Suppose we have some step function from z;_; to z; that looks like a rectangle if we plot
them out; we can then approximate it by a isoceles trapezoid defined on (x;_; —d,z; + 0). Specifically, the graph
of the approximation function connects the points (z;_1 —4,0) - (z;_1,m;) = (z;,m;) > (z; +0,0). Connecting
the individual graphs gives us a function that satisfies the desired properties. O
Remark. Interpreting the statement topologically, the theorem suggests that C2(R) is dense on (L% (R), [-],)-
After a small discussion on approximation theory, we now move forward to convolutions. In an essence, convolution
is weighted average. Recall in calculus when we wanted to find the center of mass, or the weighted average of

z-coordinates associated to the density p(x):

_ 1 fb
T=—F/"— z p(x) du.
S p(w)da Jo T ——

N , weight

mass

Example. Consider the function f : R — R defined by f = I} .. For this function f, the "sliding average"
of f over an (z — ¢,z +¢) interval is

@) =5 [T e

The unweighted average graph is one if = > ¢, zero if x < —¢, and f.(z) = % + o0 if z € (¢, +e).
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Suppose we want to insist integrating over R, we can do so by considering an indicator function

1

5:0) = [ (Gt 12) 1) d2 = [ (Sirea@-2)76) dz,

Definition. Let ¢, f € Ric(R). Assume [; ¢(y)f(z —y) dy converges absolutely for every = ¢ R. The
convolution of ¢ and f, denoted ¢ * f, is defined by

(@@ = [ 6@)f-y) dy.

Remark. If the ¢ has L' norm of unity, we can actually think about convolution as a weighted average.

We then discuss a bit about the properties of convolutions.

Proposition. Assume ¢, f, g € Rioc(R). Assume

fR #(y) f(z -y) dy and /ﬂé #(y)g(z-y) dy

converge absolutely for every x € R, then

* (Linearity) The convolution of linear combinations are linear:

¢ (cf +dg) =c(d* [)+d(¢*g).
* (Commutativity) [, ¢(z —y)f(y) dy converges absolutely for every z € R, and ¢ x f = f * ¢.
* If g€ LL(R) and f is bounded, then

[6* fll, <loly [ £1.-

Proof. The linearity follows directly from the definition of convolution and the linearity of Riemann integrals.

Commutativity can be proved by a change in variable operation. Regarding the last inequality,

60 1@ =| [ oG- dy

<Afl, [ 1@l dy =151, 1],

Theorem. Suppose ¢, f € Rio(R), ¢ has finite L' norm, and f is bounded. Then ¢ » f exists for all z € R

and is continuous.

Proof. We want to show that ¢* f(z)—¢= f(y) is small provided that = and y are close together. Indeed, consider

the integral representation of the convolution, we have

05 f@) =6+ fW)]= [ [6(e=2)=0(y-1I() dz <[], [ 16(e=2)=o(y=2)] d=.

Let’s assume for now that ¢ € CZ(R), which implies ¢ is uniformly continuous. Choose r > 0 large enough such
that supp(¢) c [-r,r]. Then ¢(z - z), which is ¢ shifted and flipped, is actually defined on [z —r, z+r]. Similarly,
¢(y — z) is defined on [y — r,y + r]. Specifically, if |x — y| < 1, then

[1ot-2)-a@- dz= [ 62 -6y =) d=
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To this end, we can use the fact that ¢ is uniformly continuous to choose § > 0 such that

3

[ £l -2(r+1)

We now get rid of the assumption of ¢ € C2(R). Let (¢)>>, be a sequence in Cc(R) such that |¢ - ¢|, - 0. By

2" —y*[ <6 = [o(z") - o(y")] <

the previous proof we know that ¢ * f is continuous for all n € N. Indeed, consider

g *f=¢xfl,=l¢-¢)«fl,<lo-ol 1], 0.
Thus ¢ = ¢, and applying the uniform limit theorem completes the proof. O

Beginning of February 24, 2023

Last time, we went over the definition and some properties of convolution. Namely,

o5 f@)= [[o@-nfw) dy= [ 6@y dy=1 o).

Additionally, if f € Rj,.(R) and bounded, and ¢ € L} (R), then ¢ * f is continuous.
Convolutions can be thought of as weighted averages; the above theorem of continuity helps us approximating
"bad" functions f by nicer ones ¢ * f, if ¢ has certain properties. This brings up the topic of approximate identities.

Recall that if ¢° = .T;_. .j and f = |9 o), we have

1 xr+e
o f@) =5 [ fw) .

g Jx—¢e
If we wish to consider the average over some neighborhood, the average would be zero if the neighborhood lies
entirely left of —¢, one if the neighborhood lies entirely right of ¢, and variable otherwise. Note that as ¢ gets smaller,
the function ¢° gets closer to f. This brings up the concept of approximate identity.

Definition. Let (¢,)s>; be a sequence in Rjo.(R). We say that (¢, )52, is an approximate identity if
* [pdn(z)dz=1forallneN.

* (If ¢, <0 for some z € R) sup,,.y [ [¢n(x)| dz < +oo.

» For every 0> 0, lim, oo [ [ ) |60 ()] dz + [ 60 (2)] dz] = 0.

Remark. The approximate identity is a sequence of functions, not a single function.

Example. The sequence of functions ¢, = I ] is an approximate identity.

_1 1
n’n

Theorem. Let (¢,)22; be an approximate identity on R. Suppose f € Rj,.(R) and bounded.
* If f is continuous at x, then ¢, * f(z) - f(x).
e If f is continuous on (a,b), then ¢, * f(z) = f on [c,d] c (a,b).

* (Will not be proven) ¢, » f — f in LP for any p € [1, c0).
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n— o0

Proof of convergence. It suffices to show that ¢,, = f(z) — f(x) — 0. Considering the integral representation,
On* f@) = 1@) = [ @-y) dy= [ F@on) dy= [ 6a) [f@-1) - f@)] dy
As we wish to use the third identity in the definition of approximate identity, we split the integral into three:
-0 oo o
1= [ 6@ UG-9) 1@ dy+ [~ o) F@-p)-F@] dy+ [ 6a@) [ =y)- ()] dy
oo 5 -5
Each of the three integrals are small, but of different reasons. Starting from f_‘sé dy, choose ¢ > 0 such that
€
ol <6 =17 -1) - F@)] < 5o

where M is the upper bound for sup,,.y [ |¢n ()| dz. This way,

(z-y) - f(=)| dy<ﬁ><M:§.

|, ot U= 1) | < :

2M

For j_;i dy and [;~ dy, we use the fact that f is bounded (hence it has finite uniform norm):

[ o U@ s [T o) -y)- @) ay <2|f|u[ [Cowrans [T ouw) dy].

<2|fl., <2|fl.,

Now we can choose n large enough such that the integrals of the right-hand side sums up to less than I fH

Therefore for any € > 0 we have |¢,, * f(z) - f(«)| < ¢, which completes the proof for pointwise convergence at
each x where f is continuous. To prove for uniform convergence, we use the fact that f is uniformly continuous
on [¢,d] c (a,b). In fact, we choose a § > 0 on a wider interval of [c - §,d + J] to prevent the case where z — y

goes "out of the range". Thus for this 4, [f(z —y) - f(x)| < 557 for |y < J, and we are done by running the entire

2M
argument.

Beginning of February 27, 2023

Last time we talked over approximate identities, which allows us to estimate a L'-finite function by not only a

continuous function but also smooth function. Today we will continue on the theory of approximation. Namely, we

wish to approximate a continuous function f : [a,b] - R uniformly by a polynomial. We need a trick up our sleeves:

S @wmiwar= 3 (1) [ e a

is a polynomial in z. A natural extension is that

fabp(m -y)f(y) dy

is a polynomial in z if p is. (The latter equation is a linear combination of the fab(:zc -y)" f(y) dy for some n ’s.)

The equations above look similar to convolutions - they indeed are. Specifically, for some r > b - a,

L p(I y)f(y) dy p* (f]I[a b] (I)) (p]I —-r,r] ) * (fH[a,b]) .

The question now brings down to: can I build an approximation identity of the form ¢, =1[_. .1 - pn?
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WLOG, consider r = 1. (Why?) We start with an arbitrary function to start with:
1
-1

d1(x) = (1 —.732)0_1]1[,171], c1= f (1-2?%) da.

To center the mass towards the center, we simply take the power to the term (1 - 2?) to obtain

1
On(2) = (1= My, en= [ (1-a)" do
1

Lemma. ¢, is an approximate identity.

Proof of lemma. By definition, ¢, |, = 1; and all ¢,, are nonnegative. Now as ¢,, is an even function that takes
zero value outside of [-1, 1], it suffices to show, for § € (0, 1),

1
lim S ¢n(z) dz =0.

Take x €[4, 1]. Consider the quotient that defines ¢,,(z):

(1-=)"

o)== —F7 —T.
(@) 2 [, (1-2?)"dx

The above part has function is bounded above by 1 - §2. For the bottom integral, the following inequality holds:

(1—x2)”>max{1—nx2,0}:(1—nx2)11[_ 1

Bla
Bl

Thus

! v 2
fo (1—x2)”dx2/(;f(1—nx2)dx:ﬁ.

Therefore the quotient is now bounded above by

1(1_:62)7% < 3ﬁ(1_62)n
2[, (1-a?)"da 4

Concerning the term (1 - 62)", we have, by the fact that (1 +a)" > 1 + na,

- 2 " —> 00
(1_52)71:( 126 ) B 12 7w S 152 :>§ vin "S70.
1-62+62 (1+1f7) l+nys  41+n6%/(1-6%)

Theorem. (Weierstrafs) Let f : R — R be continuous. here exists a sequence of polynomials (p,, ), such

that p, = f on [a,b].

Proof. WLOG, let [a,b] = [0,1], and f =0 on (-o0,0] U [1,+00). Let (¢,)22, be as in the previous lemma. Then
¢n * f 2 0n[0,1], and ¢, * f is a polynomial for each n. Namely, for x € [0, 1],

6o f@) = [ e T -n) (1- @ -9)?)" £) dy.

Lastly we will touch a bit on the Stone-Weierstraf3 theorem. Proof not required, as it’s quite long.
The motivation originates that we want to approximate f € C([a,b]) with elements of some collection of functions

A (an algebra - definition to be provided, but the class of polynomials is an algebra) What can A be?
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Particularly, A cannot "vanish" at any point.
Definition. A vanishes at z € [a,b] if f(z() =0 for all f € A.

If A vanishes at some x, then they cannot approximate a function f that is nonzero on .

Additionally, .A must separate points.
Definition. A separates points if for every z, y € [a,b], there exists f € A such that f(z) # f(y).

If A does not separate points, they they cannot approximate a function f whose f(x) # f(y).

Theorem. (Stone-Weierstraaf3) (For next class.)

Beginning of March 1, 2023

Today we will talk about Stone-Weierstral3 theorem. We will state the real-valued Stone-Weierstraf} theorem, then

we will use that to prove the general case in the complex plane.

Theorem. (Weierstraf3). Polynomials on [a,b] are dense in (C([a,b], |-[,)-

Recall the following definitions.

Definition. Let F be a set, and A c F¥ where F =R or C.

* A separates points on F if for every x1, x5 € E there exists f € A such that f(z1) # f(x2).

* A vanishes at no point of F if for every z( € E there exists f € A such that f(xz) # 0.

Definition. Let E be a set, and A c F¥ where F = R or C. We say that A is an F-algebra of functions on

E if Ais closed under addition and multiplication. Specifically,

figeAcde F=cf+dge A, fge A

Theorem. (Stone-Weierstra3) Let K be a compact metric space. Let A c R¥ be a real algebra. Assume A
separates points on K, and A vanishes at no point of K. Then A is dense in (C(K,R), |-|,). That is, given
feC(K,R) and € > 0, there exists g € A such that | f - g||, <e.

We will not prove it in class - it was an hour-long proof. Assuming the real version is true, we will prove an

analogous one for complex-valued functions. However, we need one more assumption.

Definition. A complex algebra A is self-adjoint if f € A= f ¢ A.
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Theorem. (Stone-Weierstraf3, complex version) Let K be a compact metric space, let A c CX be a complex
algebra. Assume A separates points on K, and .4 vanishes at no point of K, and A is self-adjoint. Then A is
dense in (C(K,C), |-[,)-

Proof. Consider Ag = {f € A:Im(f) c R}. (Notation abusing alert: Im(f) is the image of f.) Ag is an algebra:

feAzRe(f):geAR.

A vanishes at no points on K; indeed, consider g(z) = Re(f(z) - f(x)), which has nonzero reals. Additionally,
A separates points. Given x, s € K such that z; # xo, choose g € A such that g(z1) # g(x2), then choose h € A
such that h(z2) # 0. Construct (a random function)

@ [ @ glw) ]
h(z1) | g(x1) —g(x2)  g(z1) - g(22)

f(z)

By Stone-Weierstraf3, Ag is dense in (C(K,R,||,). Thus, given f ¢ A write f = u + v where u,v € C(K,R).
Then choose u., v. € Ar such that

||U_UEH’LL <3

5"

Ju—u], <=,
w92

Therefore

Hf_ (us +Z'U5)Hu <g,

which finishes the proof. O
Definition. A trigonometric polynomial is a function p : R — C of the form

N .
p(0) = > cpe™, NeNye,eC0eR
n=—N

Remark. Trigonometric polynomials can always be written in the form

N N
p(0) = ag + Z G, cosnb + Z b, sinnb, a,,b, €C.

n=1 n=1
Denote
Pirig([-m,m]; F) = trig polynomials on the field F =R or C,

Cper([-7,7]; F) = F-valued 27-periodic functions defined on R.

Claim. By Stone-Weierstral3, Py, ([-7,7]; F') is dense in (Cpec[—m, 7]; F), |- ,,)-
Note that we cannot directly use Stone-Weierstral3directly because the domain R is not compact, and P,,iz([-7, 7]; F')

does not separate points in R. More in the next lecture.
Beginning of March 3, 2023

Continuing on last lecture, we make one further notation:

Floml - {f e FR.f(0+2m)=f(0) VO e R} = 2w-periodic F-valued functions on R.

per

Recall the claim: P, ([-7, 7], F)) is dense in (Cper([-7, 7], F), ||, ). The problem with using Stone-Weierstraf3is

because the domain R is not compact, and P,,iz([-7, 7], F') does not separate points on R.
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To fix the problem, consider the unit circle in C, defined as
St={zeC:|z|=1}.

There exists a bijective mapping from the real interval [-7,7) to the complex unit circle S*. Thus, consider the

. 1 . s — .
function f € F¥ and the function f € FIEJ ] The transformation

e -
~

f~F

is a well-defined isometry with respect to the uniform norm. Specifically, | f||,, = H f ||u Additionally, denote

) N
P(Sl,F):{pEFS ,p(2) = _Z:Ncnz"}; @(P(Sl,F))IPtrig([—ﬂ',Tf‘],F).

Additionally, P(S', F) is dense in (C(S*; F);|-|,) by Stone-WeierstraR theorem. (To be proven in a homework
exercise.) Therefore, P,,i, is dense in Cp, by the isometric mapping ©.
We will then move on to another topic: inner product spaces and best approximation. We will think of the projection

of a vector to another vector as the "closest distance" in a certain subspace.

Definition. Suppose V is a vector space; U and W are subspaces of V.
e U+W={u+weV:ueUweW}isthe sumof U and W in V. It is a subspace of V.

* V is the direct sum of U and W, if for every v € V there exists a unique v € U and w € W such that

v=u+w. This is writtenas V =U & W.

Proposition. V=Ue W ifandonlyif V=U+W and UnW = {0}.

Proof. (=) the fact that V =U & W implies V = U + W is obvious. Additionally, choose v € U n W. Then
v=v+0=0+v,

then both v and 0 has to bee in both U and W. Then v can only be the zero subspace.
(<) Assume V =U + W and U nW = {0}. Choose v € V; write

V=U1 +W1 =Uz +Wy = UL — Uz =Wy — W].

As u; —ug € U and wo — wy € W, they have to be zero because U and W don’t intersect elsewhere. O

Consider the following question: given a vector space V' and a subspace U c V, can we find an explicit complemen-
tary subspace W such that V = U @ W? It turns out that if an inner product is defined on the vector space, we can

define W = U+, a complemental subspace to U.

Definition. A projection operator P:V — V is a linear map such that P> = Po P = P.
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Theorem. Let V be a vector space, and P:V — V is a projection.
* For u e Im(P), P(u) = u;
* P(I-P)=0; - P isalso a projection, Im({ — P) = Ker(P).

* V=Im(P)®Im(I - P) =Im(P) ® Ker(P).

Definition. The kernel of a transformation P is defined as

Ker(P)={veV:Pv=0}.

Corollary. IfV =U @& W and we define P:V - V by P(u+w) = u, u € U and w € W, then P is the unique
projection on V such that Im(P) = U and Ker(P) = W.

Proof of first bullet. If u € Im(P), then u = Pv for some v € V. This implies Pu = P?v = Pv = u.
Proof of second bullet. Consider the transformation P(I-P)v = Pv-P?v = 0, hence P(I- P) is the zero function.
Now consider the transformation (I — P)?:

(I-PY(I-P)=I(I-P)-P(I-P)=I-P-0=1-P.

Consider the last statement on Im(I — P) = Ker(P). (c) we know for a fact that everything that belongs to
Im(I - P) takes some for m of (I - P)v; but P(I - P)v =0, so Im(I — P) c Ker(P). (o) additionally, suppose
Pu =0, we have that (I - P)u = u, therefore Ker(P) c Im(I - P).

Proof of third bullet. Consider
I=1-P+P.

Therefore for every v e V,
v=(I-P)v+ Puo.

The first element belongs to Im(7 — P), and the second element belongs to Im(P). Thus
V =Im(P) +Im(I - P) =Im(P) + Ker(P).

Additionally, suppose v € Im(P) nKer(P). By the fact that v € Im(P), v = Pv; but 0 = Pv as v € Ker(P). Thie

completes the proof. m

We will prove the corollary in the next lecture.

Beginning of March 6, 2023

Last time we talked a bit about projection operators: a linear mapping P : V' — V such that P2y = Pv. An example

is the projection to a subspace in R™. We also showed that V' = Im(P) & Ker(P). We further claimed that the direct

sum decomposition uniquely defines a projection P.
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Corollary. If V=Ue® W and P:V — V is defined by P(u +w) = u for u € U and w € W, then P is the
unique projection on V such that Im(P) = U and Ker(P) = W.

Proof. It is easy to show that Im(P) = U; let w = 0 and pick whatever u € U desired. Additionally, for Ker(P),
take P(0 + w) = 0 gives the desired result of Ker(P) = W. Now we prove the uniqueness of P. Suppose P is
another projection such that Im(P) = U and Ker(P) = W. Then

ueU:Pu:u; weW = Pw=0;

Then by the assumption of linearity, P(u + w) = Pu + Pw = u, the same definition as what we started with.  [J

Example. The orthogonal projection is a classic example that we should think in mind, but certainly it is not
the only projection. For example, we can consider R? = U @ W,,, where U = span {(0,1)}, W, =span {(1,a)}.
Consider

P,:R?* > R? P,(x,y)=(0,y-ax).

It is clear that Im(P,) = U; clearly P(0,y) = (0,y). Then for Ker(P,),
(z,y) eKer(P,) = Py(z,y) = (0,y—az) =0=>y=ax = (z,y) =z(1,a) e W.
weW = w=(x,az); Py(z,az) = (0,az — ax) = (0,0) € Ker(P,).

Thus Ker(P,) = W,.

Definition. A (complex) inner product on a complex vector space V is a function (-,-) : V x V — C s.t.
* (x,y) =(y,z) forevery x,y ¢ V;
* Az +y,z) =Mz, 2) +(y, 2);
* (z,z)=0foreveryz eV - {0}.

The vector space V affiliated with the inner product (-, -} is defined as a complex inner product space.

Example. The "dot product" on R" is an inner product. Similarly, we can define similarly a complex dot
product on C™ as follows:

((Z17'”7Z71)7 ('U]l,"',wn)) = le71+ st znwi’n

Example. The L? inner product on R([a,b])/ ~ is defined as

(F.o)= [ @)@ a

The ¢? inner product on ¢?(N, C) is defined as

((Cn)m (dn)n> = i::lcna.
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Proposition. An inner product space is always a normed vector space, with

[vll = V/{v, v).
Definition. A complete inner product space is called a Hilbert space.

Definition. If u,v €V and V is an inner product space, we say that v and v are orthogonal if
(u,v) =0.

We denote the orthogonality as u 1 v.
Additionally, for a subspace W of V, the orthogonal complement of W, denoted W+, is defined as

Wh={veV:(v,w)=0VweW}.

A set S c V is orthogonal if v, w € S = v 1 W; orthonormal if it’s orthogonal and v € S = |v| = 1.

Proposition. W+ if a subspace of V, and W n W+ = {0}.

Proof. We only prove that W n W+ c {0}. To this end, pick w e W n W*; then (w,w) = 0= w =0. O

Consider the situation where W + W+ = V, (and by the previous results we have that V' = W & W*.) We can then

make the following definition.

Definition. Let (V,{(-,-)) be a real or complex inner product space, and W is a subspace of V. Assume
V =W @ W+. Define the orthogonal projection onto W: proj,, : V — V to be the projection operator such
that Im(projy, ) = W and Ker(projy, ) = W*.

Theorem. Let (V,(-,-)) be a real or complex inner produce space. Take v € V - {0}. Then
V = (span {u}) ® (span {u})",

and for everyv eV,

. v, U
proj, (v) = 22,
ol

Proof. We wish to write v = cu + w, where cu € (span{u}) and w € (span {u})*. Then
v—cu=we (span{u})* = (v-cu,u) =0.

From this, we have that (v, u) - ¢ |u|* = 0, which determines a unique c as

{ow)
Jul?
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By this, we have that
= L’UQ)u + (v - (v,u2)u) ,
Jull [ul
with the first element belonging to span {u} and the second element belonging to (span {u})*. Then

{v, u)

5 U
Jul

proj, (v) = proj, () =

Beginning of March 8, 2023

Last time, we discussed about real or complex inner product space (V,(-,-)). Particularly, if W is a subspace of V/

and if V = W @ W+, then projy, : V - V is the projction on V with image W and kernel W+*. Additionally,

{

fl;;é)u. (Jul = v/, )

proj,v =

Remark. V = W & W* does not work all the time. For example, we can consider V = C([a,b]) with
b
(f.9)= [ rgda,

where W is the set of all polynomials.

Proposition.

lu+vl® = Jul® + Jo]* + 2Re (u, ).

|u\|2 + |\v|\2 if u 1 v; this is the general form of Pythagorean theorem.

Specifically, |u + v|” =

Proposition. (Cauchy-Schwarz)

[(w, 0)| < ] o] -
Proof. By definition of orthogonal projection, we have that
v — Proj,v + proj,v = v,
where v - proj, v and proj, v are perpendicular. Hence we have that

2 . .2 - C2 .2
[o]” = (v = proj,v) + proj,v|” = [v = proj,v|” + [[proj,v[” > [proj,v|”.

As proj,v = <“’”2> u, simple rearrangements give

(K

(v, )/’

2
1wl

2 2
lvl” > = ul o] > [{v, u)]”.

Remark. From the above propositions, |u| = \/{u,u) is indeed a norm in the inner product space.

We will next discuss a bit into the projection onto a subspace as "best approximation".
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Theorem. AssumeV =W & W*. Then forallveV,
|v = projwv| < v -w]

for every w ¢ W, with equality obtained if and only if w = projy,v.

If we want to approximate v € V by some w € W, the closest distance we can get is obtained by taking proj,v. In

other words, projy v is the best approximation of v in W.

Proof. Consider the norm |v — w|. On a similar note to the proof of Cauchy-Schwarz, take
2 . . 2
[v—w[” = (v - projyv) + (projyv —w)|”.
Note that v — projy,v € W* and projy,v — w € W, so we can then apply Pythagorean theorem to obtain

2 . 2 . 2
[v=w|” = Jv=-projyv|”+ [projwv - w]",
>0
which proves the statement. The equality is taken if the second-term norm is zero. O

Remark. The converse of the statement is also true (will be proven as a homework exercise.)

Corollary.

Iprojwol < v

As V =W @ W* might not be true all the time, we may be interested to pose a question. A partial answer would
be that W is a complete subspace of V. In particular, W finite-dimensional implies V' = W & W+*. (if W is finite-
dimensional, the coordinate map provides an isomorphism between W with R™ or C" while preserving the norms

and distances. R™ and C” are complete.) Additionally, if V' is complete but W is not, then V = W & W*.

Proposition. (Gram-Schmidt) If W is finite dimensional and (w+, -, w,,) is an orthogonal basis of W,

n
projyv = Z projov.
j=1

Proof. It suffices to show that

n

CEDY projy,v e W.
j=1

Note that if a vector v* is orthogonal to each of the basis elements of W, v* is also orthogonal to W. To this end,

consider each of the inner product

n
V- Zprojwjv,wk =- Z (projwjv,wk)-r(U—projwkv,wk>.
J=1 jeln]-k

The first term has (projov,wk> = 0 for all j € [n] - k as the projection projy, v is parallel to w;, which is
perpendicular to wy, by the definition of orthogonal basis. Additionally, the second term is zero by definition of

orthogonal projection. This proves the claim. O
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Beginning of March 10, 2023

In the last lecture, we discussed that if W is a complete subspace of a real or complex inner product space (V, (,-)),

then V = W @ W*. In particular, if W is finite-dimensional with orthogonal basis (w1, -, w, ), then

n
projyv = Z projwjv
j=1

for every v € V. We will now consider the case in a general setting of infinite-dimensional inner vector spaces with
a Schauder basis (w;)$2,. Recall that (u;)$2, is a Schauder basis for a normed vector space (V, |-|) if for every v e V

there exists a sequence (c¢;):2; of scalars such that

lim =0.

n—o0

v - chuz

i=1

Theorem. Assume W has an orthogonal Schauder basis (w;):2,. Put W,, = span(ws, -, w,,) for every n € N.
Then for every v e V,

projy v = ZprOJW v = hm ZpIOJW v = hm projyy, v.
i=1 ]

Proof. Denote w = proj,,v. There exists (¢;)%°, such that w = lim, e Y1, c;w; With |w - £, cow] "= 0.

Using the best approximation quantity, we have that

n— o0

- 0.

n
- Z C; W;
i=1

n
Hw - ZprOjWiw
i=1

At this point, we know that w = projy, v = lim,, ., projy,;, w. Now we want to show that replacing w with v does

not change the result. Here the key is to realize that W,, c W, so
projwnv = PrOjWn (pijWU) = prOjW(projWNv)v

(to be proven as a homework exercise.) As

Projy, v = projy, w "I w= proju v,
with the first equality obtained by the above property and the last equality directly from the definition. This

proves the claim. O

Next we will discuss Bessel’s inequality and Parseval’s identity. Consider the following setup: (V,{-,-)) is a real or

complex inner product space, and let (e, ), be an orthonormal sequence in V' with W,, = span(ey, -, e, ). Define
Pn() = projWn(')v fl = (fv ei) .

Then
Pnf = Zfzez

i=1

Additionally, note that

n

| Pr f” <Zf131a2fz€z>:ii 62»€J Z|fz

With the above clarifying notations, we can introduce Bessel’s inequality.
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Theorem. (Bessel)

hm | P fH Z|fz Hf”2

Lemma. (Riemann-Lebesgue) f; — 0 as i — oo.

Theorem. (Parseval) If P,f — f and P,g — g as n — oo, then

:iﬂ%:«ﬁ»@mw

Note that Riemann-Lebesgue lemma is an immediate consequence of Bessel’s inequality by series convergence.

Remark. The equality for Bessel’s lemma is obtained where P, f — f.

Proof of Bessel’s Inequality. Bessel’s lemma is (sort of) already been proven, as | P, f|| < | f|| for every n € N by
the definition of orthogonal projection. Regarding the equality, take

1F1% = 1f = Puf + Paf|® = |f = Puf” + | Paf]®.

The equality can only be taken when | f - P, f|*> - 0, i.e., P,f — f as n — oo. O

Proof of Parseval’s Identity. Here we apply the polarization identity, which tells us that every inner product can

be written as some combination of norms. With P, f - f and P,g — g,

[f +gl+1= 2 [1CF + 9)ill ey + ] = ((F)is (90):)

NG
A~ =

If+g]” = Zl o+ gal” = 1+ gdnll 2 ucy = (F29) =

O
Now we discuss the statement in a different setup. Consider (V,(-,-)) a Hilbert space, and (e;); an orthonormal

Schauder basis. Then P, f — f in (V,{,-)) for every f € V. Consequently,

ZMfﬂfﬁ<ﬁm:iﬁw

i=1

The map L: (V,(-,-)) to (£*(N;C,{(-,-)) determined by

L(f) = (fi)
is an isometry of Hilbert spaces.
Beginning of March 20, 2023

This lecture will be a crash course on Fourier series. The goal is to represent f : [-7,7] - C in L? by
f(0) = Z cne’
n=—oo
Remark. We cannot directly use the Stone-Weierstrals theorem. Not to say the limitations (f may not be periodic or

continuous), Namely, we want to look for a single choice of two-sided sequence of coefficients (¢, )o_., regardless

of the error tolerance.

One way to think about Fourier series is that we consider the low-frequency truncations
N -
Snf(0)= 3 f(n)e™
n=—N
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while cutting off the high-frequency terms. This can be done by truncating the series of exponentials from Z.

The setting used in Fourier approximation is f € (L% ([-m,7];C, (-,*)).
Additionally, f ~ g if f = g a.e., f,g € R[-m, «]. The inner product is defined by

1 Q — 1
(1.9)= 5= [ 1©)900) 0= = 17l -

New notations include

) 1 ™ 1, n=m
en(8) =", fensem) =5 [ e ag -
o 0, n+m.

Note that (e, )5 _, is orthonormal and linearly independent.

Definition. The Fourier coefficients are defined as

f(n)=(f.en) = % f: f(0)e~™? dg.

Note that the projection of f on e,, takes

proj, f = <”J;’ j’;) en = f(n)en.

As a result, the N-th partial sum of f, denoted S,, f, is

N
Snf = projuw, () = 3. f(n)en, wy =span(en)n__y-
n=—N

Even if f is real-valued,

fy= o [T @ a0

may not be real-valued. However, we claim that the N-th partial sum of f is real-valued. Indeed, consider

)= o [T 10 a0 = o)

:271' s

Thus f (n)ey, = f (-n)e_,. Each time we extend N by one, we add a term in both directions, which can be summed

up as such:
o N N 1 T N R
Snf=fOco+ 3 fmen+ f-men =5 [T 18) a0+ 3 2Re(F(m)en).
n=1 - n=1
Suppose we already know that
N .
p(6) = Y cue™ = projy, (),
n=—N
we can immediately see that p(m) = ¢, for |m| < N, and p(m) = 0 for |m| > N. Additionally Syp = p for M > N.

Theorem. If f e L%, then
tim [, — fl = 0.
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Proof. Let g € Cper([-m,7]), then consider the sum
f-Snf= + + + +

and our goal is to (1) make f - g small in L?, and (2) control g - p in ||, with Stone-WeierstraR. Choosing N
large makes p - S,,(p) zero, then

Here we choose g € Cpe;([-7,7]) such that | f - g| ;- < §. (This is done by homework exercise 3.5.1.)

Problem: Leslie 3.5.1. Suppose f € Rjo.(R) is T-periodic, and assume 1 < p < co. Show that given e > 0

there exists a continuous T-periodic function g such that |g|, <4|f|, and

T
[ 1@ 9@ dx <.

Here we consider p € Pyig([~7,7]) such that g -p][, < 5. As the uniform norm is stronger than that
L? norm, such p works as we apply Stone-Weierstraf3.
Here p is a polynomial; hence by the previous observation we can simply take N > deg(p) to make
the difference zero.
Note that ||S,,(p) = Sn(g)] = [|Sn(p—9g)|. As S,.(-) is a projection operator of (-) onto Wy, it cannot
increase length, so | S, (p-g)| < [p-g] < 5.
Again, S, (g) - Sn(f)] = [Sn(g - f)] < g - f| < § if we consider the L? norm.

Summing all five parts, we have

If=Snfl<lf =gl +lg=pl+lp-Sn@I+[Sn(p) - Sn(9)] +[5n(g) - Sn () <e,

as needed. O

The above is all true; however, as soon as we want to write
f = Z f(n)eTM

the statement become problematic - the right-hand side may not be a Riemann-integrable function. In fact, f may

differ from the infinite series by a set of measure zero, which causes problems when we try to perform integration.

We will end the lecture with three propositions without proof.

Proposition. Fourier coefficients are uniquely determined, i.e., if

N
lim cnen — fl| =0,
N—-oco _N

then ¢, = f(n) for every n.

Corollary. If f,g e R([-m,7]) and f(n) = §(n) for every n, then f = g a.e..
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Proposition. (Parseval) If f, g € L%, then
(b = 5= [ O 80 = (0D s GONE oy = 5 T

Specifically,
— [TrOF w= 3 il
27T -7 n=—oo

Beginning of March 22, 2023

Consider two F'-vector spaces X and Y. We define
L(X,Y) = {all linear transformations from X to Y} .

The primary question here is: when is T' ¢ £(X,Y’) continuous? The answer is "not always", unless X is finite-

dimensional. We will primarily discuss infinite-dimensional vector spaces.

Example. Consider the vector spaces with norms

(Xo: |l x,) = (€101, ), (Xa 2 [lx,) = (€H0,10, |-l ), (Y ) = (€10, |1,,),

and the transformation 7} : X; — Y defined by T;(f) = f’ for i = 0,1. We claim that T3 is continuous but 7T}
is not. Particularly,
T f -Tagly =1 =9l <1f-9lx,

and the proof follows from an -6 argument. However, if we try to run
!/ ! ?
1 =gl <1f =gl

this is indeed untrue. Indeed, taking some function with low uniform norm but high derivative, such as

fn= %sin nzx, gives us an explicit counterexample. Particularly f,, — 0 but Tp F,, + 0.

Theorem. Let T : X — Y be a linear transformation between the normed F-vector spaces. The following

statements are equivalent:
(1) T is bounded that there exists C' > 0 such that |T'z||,, < C'|z| y for every z € X.
(2) T is continuous.

(3) T is continuous at zero.

Proof: (1) implies (2). Assume that T is bounded. Take x1,x5 € X, we wish Tz; — Tx5 small in Y whenever

x1 — x9 is small in X. Applying linearity, we have that
| T2y = Ty = [T(21 - 22) [y <C 2 - 22 -

Take ||z1 — 22| y < C~'e for every e > 0 suffices.
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Proof: (3) implies (1). Assume T is continuous at zero. Here we pick ¢ = 1. Choose ¢ > 0 such that ||z| , < =
|Tx|, <1. For any x € X — {0}, consider z € 9B(0,9) defined by

ox

i=—.
kgl

Thus considering the linear transformation 7'z, we have that

<= |Taly <67 ol
Y

HT ox

(4 P%

Hence taking C = 6! suffices. O
Definition. Define

B(X,Y) = {all bounded linear transformations from (X, || y) to (Y, ||y )} -

The operator norm of T € B(X,Y) is defined by

| Tz
T x_y :=sup X
e20 [ 2] x

Proposition.

| Tz .
——= = sup [Tz|y =inf{C>0:|Tz|, <C|z|x}.
o0 [Zlx  jafest

The proof will be left as an exercise. We consider some of its implications in the lecture.

Corollary. If 7:X —Y is bounded, then |Tz|, < [T |z -

Corollary. If T eB(X,Y)and S ¢ B(Y,Z), then
ST eB(X,Z)

with operator norm

ISTl xz <ISlyoz 1T xoy -
Remark. ST is a composition of transformation. STx means "transforming x to Tz, then Tz to STz.
Proposition. Suppose T € L(X,Y). If X is finite-dimensional, then T € B(X,Y).
Proof. Consider a basis for X: (z1,---,2,). Then for every z € X,
|Tzly = |T(c1m1 + -+ camn)ly <]Z:|Cj| | Ty < ggﬁﬁ\fﬁﬂ (é | Tz, y)'

The first term max;e[,)|c;| is @ norm that is equivalent to || . Additionally, 37, |, Hy is a fixed value, so
|Tz| is indeed bounded above; hence T' e B(X,Y"). O
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Proposition. Let X and Y be normed vector spaces. If (Y, |-||,- is complete, then so is (B(X,Y), || x_y)-

Beginning of March 24, 2023

Today we will cover isomorphisms and matrices as transformation on finite-dimensional spaces.

Definition. An isomorphism is a bijection between two objects that preserves structure. Specifically,

* A topological isomorphism (or a homeomorphism) preserves topology, where f and f~' map open

sets to open sets; this is equivalent to that f and f~! are continuous.
* A vector space isomorphism preserves vector space structure. Linear bijections always do this.

* A normed vector space isomorphism preserves both topology and vector space structure.

Remark. Technically the above definition on normed vector space isomorphism is not the "right" one. See below.
Definition. Let 7 : X — Y is a linear transformation between two normed vector spaces over R or C. If T
is surjective and there exists ¢,C' > 0 such that

clzfy <|Tzly < Clzlx

for every z € X, then we say that 7' is an isomorphism on normed vector spaces.

Proposition. 7 : X — Y is a normed vector space isomorphism if and only if it is a vector space isomor-

phism and a homeomorphism.

Proof. We only prove (=) here. (=) To show injectivity, consider, for x1 # xs,

| T2y = Taaly = |T (1 - 22) [y > ¢ |21 - 22| x > 0.
————
>0

As T is a linear bijection, it is a vector space isomorphism.
To show topological isomorphism, we have that |Tz|, < C |z| which implies T continuous. Considering the

continuity of 7!, we have that
- 1 _ 1 _ 1
[0y = =~ (el ) < S IT@ )y = = uly -
C C C
Therefore T~ also has finite operator norm, hence it is continuous. O
We denote the set of all normed vector space isomorphisms 7': X — Y as

Q(X,Y) = {Normed Vector Space Isomorphisms7 : X - Y}.

Q(X,Y) c B(X,Y).
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Theorem. Assume T € Q(X,Y), SeB(X,Y), and
_1—1
15 =Tl <I77yox -

Then S € Q(X,Y) and
S7h= Y (idx -T7'S)" T

n=0

Corollary. Q(X,Y) is an open subset of B(X,Y).
Proof. Take r = ||T! ||;,1_)X for each T € Q(X,Y).

Corollary. Q(X,Y’) is homeomorphic to Q(Y, X).
Proof. Consider the continuous map 7' - T~ !. O

We then work with matrices: a quick linear algebra review. Formally, matrices are linear transformations on finite-

dimensional vector spaces. Consider the following setting.

F™" = {m x n matrices with entties in F'}.
A matrix A € F"™*" has m rows and n columns, with

ail Ain
A=(a;j;)=

am1l  *° Amn
The algebraic operations of matrices is omitted here. Particularly, if A ¢ F™*" and ¢ = [¢1, -, cn]T,

Ac =) c¢jcol;j(A) e F™.
j=1

We will also go over change of basis. Let X be a finitely-dimensional vector space, and let U = (ug, -, u,) and
U’ = (uf,,u,) be bases. The function ¢y : X - F" take

a1
[u]u = pu(ciug + -+ cpuy) =

Cn
Then considering [u]y, we have that

n
[u]ur = [crug + - + cpup ]y = Z cilujlor.
j=1

Here we define the change-of-basis matrix Py by
col; (Pyrv) = [u;]or.
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Then for this change-of-basis transformation, we have that
[u]vr = Poru[u]u.

To this end, let T': X - Y be a normed vector space; let X and Y be finite-dimensional vector spaces with basis

U= (u1,,u,) and V = (vy,---,v,), respectively. Additionally, let

With the transformation 7: X - Y,
V Z CJ Tu] Vv = A[ ]

j=1
where A is the matrix defined by
col;(A) = [Tu;]v

Formally, A is the matrix representation of T with respect to U and V. Further, the matrix representation of T’

with respect to U’ and V' can be obtained by combining the two conclusions above:
[Tu]y = Pyrey[Tulv = PyrevAluly = Pyrev APy [u]ur.
We present an important conclusion regarding transformations: If X, Y are finite-dimensional F-vector spaces, then
L(X,)Y)zFm™ ",
In particular, consider the transformation 7' — A that maps 7 to the matrix of transformation A. Its inverse is
ot 0 Laopy < A,

Lastly, we give some norms on F"*": for
A= (az;) e F™,

* The operator norm on L(F", F™) takes |A| = |La| pn_, pm;

* The ¢! norm, or |-|,, is defined as

1Al =22 lassl s

i=1j=1

e The Frobenius (¢?) norm is defined as

m n

lAlz =3 Z il

i=17=1

The Frobenius norm also preserves the inner product structure from F™:

(A, B) :ZZG b

i=1j=1

<.

Proposition. The Frobenius norms satisfy

|ATB|, <Al 1Bl
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Beginning of March 27, 2023

*Prof. Leslie was not available today; instead the class is taught by Prof. Joshua Swanson.
Today we will start with multivariable differentiation. Recall the classical definition of derivative in 425a. The

derivative of f: (a,b) = R at z¢ € (a,b), if it exists, is defined as

fl(xo) _ }111_% f(‘ro + h‘})L B f(l'()) )

The question we have here in 425b is: what about f : U — Y where U is an open subset of normed vector space X?
First noting if we change R in the classical definition to Y, the statement would not change much. However, there
are some complications when replacing the domain by a normed vector space. In fact, we cannot directly "add A"

to some zq; the idea is to consider xq + hz in the direction of some fixed z € X.

Definition. The Gateaux derivative of f: U — Y in the direction of z € X at zo € U is

f(xo +hz) = f(x0)
h )

sz(lﬂo) = }Ll_{%

provided that the derivative exists in (Y, -] ).

Remark. The Gateaux derivative is the generalization of directional derivative from Calculus III.
The Gateaux derivative is, in fact, a special case of the classic derivative. Given f: U - Y, zo € U and z € X, we can
define the auxiliary function

f2:(=e,e) =Y by f(h) = F(z + hz).
Then, if the limit exists,

f(xo +hz) - f(z0) - lim
h h—0

= £2(0).

D f(xo) :}Li_rf(l) fZ(h)}—lfz(O)

Now we discuss the issue of the Gateaux derivative. Namely, even if D, f(x() exists for all z € X, f might not be

continuous at zg.

Example. Define the piecewise function f : R? - R? as

;iz;z if x#0;
Fo) = |
0 if x=0.
Then
f(O+hz)-f(0)  (hz1)?(hz2) 2z h=0 2
h C h((hz1)d + (hz)?)  h223 + 22 2%

hence D, f(0) = 2223 if 25 # 0 and D, f(0) = 0 if 2, = 0. But f is not continuous at 0. (Why?)

Remark. The Gateaux derivative is not sufficient for nice Taylor expansions if we want to find the "best linear

approximation" to f : U — Y near zg € U.
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Definition. Let X,Y be real normed vector spaces, U ¢ X open, and ¢ : U — Y a function. We say that g is
Fréchet differentiable at xy € U with derivative T € B(X,Y") if

L g+ 2) — geo) T2y

=0.
0 21 x

That is, as the norm of z goes to zero, we are essentially reuiring the error of best approximation 7'z to tend to zero.

Such T is unique, so we denote it by ¢’(zq).

Remark. We can take any path with ||z| — 0, whereas the Gateaux derivative only uses "straight lines" (as seen in

its decomposition into auxiliary functions.) Hence the Fréchet derivative is more global in some sense.

Remark. We can also define continuous differentiability here: g € C*(U;Y) means ¢’ : U - B(X,Y’) is continuous.

Proposition. Assume g:U — Y is differentiable at xy € U c X. Then:
(a) g is continuous at xg;

(b) ¢'(x0)z=D,g(xg) for every z € X.
Proof of (a). Consider

l9(zo +2) = g(@0) Iy < g(zo +2) = g(x0) = ¢'(w0) 2|y + 9" (z0) 2]y -
The second term is bounded by |¢'(x0)| x_y | 2|l x» which — 0 with the operator norm < oo and ||z|, — 0. On
the other hand, considering the first term we have

lg(zo +2) = g(xo) = g'(w0) ||

HZHX

lg(zo +2) = g(x0) - g (o) z[ly < 2] x

)

with the right-hand side - 0 as z - 0.

Proof of (b). We check if ¢'(xz()z satisfies the requirement of D,g(x):

_ lg(o + hz) —g(x0) - g'(20)(h2)
[hz x

H
2l

Hg(xo + h’jl) B g(wo) _ g’(l”o)Z

Y
with the first term — 0 as h — 0 by the definition of the Fréchet derivative. Therefore the Fréchet derivative

agrees with the Gateaux derivative, as desired. O

Beginning of March 29, 2023

Recall that a function g : U — Y is Fréchet differentiable at x( € U with derivative 7' ¢ B(X,Y) if

lim |G (z0+2) = G(xo) - Tz|y

=0.
20 121 x

Such derivative is unique. Near zy, we have that

g(z) + g’ (zo)(xz — o) + o(|x — 0| i) @S T > 20 € X.
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Definition. f(z)=0(g(z)) as z - a means

Cf)
ilﬁnig(Z) 0

Example. z?=o(x) asz - 0.

Additionally, if we can write

9(@) = g(wo) + T(x = m0) + o[z - w0 x )

and 7' e B(X,Y), then T = ¢'(x¢).

Example. Consider g : R™" — R™*" defined by g(A) = AT A - I. Is g differentiable? What is g’(A)?

Sol. We consider the difference d = g(A + H) — G(A), which is

d=((A+H)'(A+H)-1)-(ATA-1)=H"A+ A"TH+H"H.

We suspect that H” H = o(|H]|,). To reach the conclusion, we guess TH = H' A+ ATH and ¢'(A) = T. To
validate the condition, we need to show that T' e B(R™" , R™") and g(A+ H) = g(A) +TH +o(||H|,). The first

statement is almost trivial as R™*" is finite-dimensional. For the second statement, we need to check that

|HTH]|, H-0
IH],

Here we use the fact that ||HTH||2 < HHHé, which gives |H||, - 0 as H - 0, as desired.

Example. Consider g : C([a,b], |],) = C*([a,b], || o:) defined by g(f)(x) = [ f(t)? dt. Is g differen-
tiable? What is ¢'(f)?

Sol. We consider the difference d = (¢(f + h) — g(f))(x). This equates

d:faw(f+h)(t)2—f(t)2 dt:fame(t)h(t)Jrh(t)Q dt.

We guess that ¢'(f) =2 /" f(¢t)h(t) dt. To this end, note that

+[2fhl, < 2@z =a) | £l 1Rl + 2071 R, <20 =a+ D) [f], IR, -

u

ITh@)le: = | [ 2 On()

Therefore T = ¢'(f) is both a well-defined and a continuous linear transformation. Again, we need to check that

Hfam h(t)2 dt” 1 h—0
e 7 —NCt 7
IAl,,

The C! norm of the numerator is bounded above by (b-a + 1) HhHi, which gives ¢ |h|, -~ 0as h - 0.

Next we will discuss a bit about chain rule. Consider U,V that are subsets of X and Y, respectively. Let g: U - Y

and h:V — Z. Additionally, zy € U and g(z¢) € V; g differentiable at x and & differentiable at g(z(). Then,
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Theorem. (Chain rule)
(hog) (x0) =W (g(x0)) o g'(x0)-

Proof. As g is differentiable at x,, we know that

g(zo +a) = g(zo) + g’ (xo)a+ £4(a) .
—
o(flall x)

Similarly, as h is differentiable at g(z),

h(g(x0) +b) = h(g(o)) + h'(g(x0))b + en(d) -

o(foll,)

Therefore, considering the composition h o g, we naturally have that
h(g(wo +a)) = h(g(z0)) = h(g(xo) + ¢'(z0)a +e4(a)) - h(g(x0)).
Now that as g'(x¢)a +€4(a) = b, the above expression equates
W (g(20)) [¢'(z0)a +eg4(a)] +en(b).

It may take some work to prove that the infinitesimality of £4(a) and €, (b) are preserved under transformations,

but the intuition should be clear; this leaves
(ho g)l(x()) = h'(g(xo)) o 9’(900),

as desired. O
Beginning of April 3, 2023

Recall the chain rule between normed vector spaces:

Proposition. (Chain rule)
(hog)'(z)=0'(g(x)) g (2).

Corollary. Let U be open in X and let V' be open in Y. Function g : U — V is a bijection, differentiable at

r €U and ¢! differentiable at g(z) € V. Then ¢’(z) is invertible with
g'(@) " =g (9(2)).

In particular, ¢'(z) is a normed vector space isomorphism.

Proof. Proof left as a homework exercise.
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Proposition. Assume g ¢ C'(R), f € B(U,R) and G : (B(U,R),|[,,) = (B(U,R,|[..), G(f) = go f. Then
G is differentiable at f for every f ¢ B(U,R,|-|,) and

[G'()z] (z) = g'(f (2))2 ().

Remark. If g € C!, then for every r > 0,

_ _ A4
lim sup 9y +h) ~9(y) 9"l _
h=0 |y|<r |hl

Proof. We want to show that

i I +2) =G (02 Pl _ b |9 (@) + 2(2)) = 9(F (@) =g/ (F@))2(@)]

20 121, Super |2()]

If we restrict the attention to |h| < ||z[|,,, we have that

lg(y +h) - g(y) - g'<y>h|)
] '

lim(-) < sup sup
z=0 ni<lzl, \lvI<Ifl,

The above proposition is certainly useful. Consider the following example.

Example. Consider g : (C[a,b],][|,) = (C'[a,b],|:|c:) defined by [G(f)](z) = [ f(t)? dt. What is
G'(f)=?
Sol. We let G (f) = 2, and G2(f)(z) = [ f(t) dt. Thus G = G2 0 G4, so

G'(f)z=[Go(G1(f)) o G1(f)] =

First note that G} (f)z = (¢’ o f)z = 2fz. Then considering G,(F1(f)), a linear transformation, we have that

simply G5(G1(f)) = Ga, so
G/(1)2=Ga(2f2) = (G'(1)2) () = [ 27(®)=(t) at.

We now talk a bit about partial derivatives.

Definition. Let X and Y be finite-dimensional real vector spaces with basis U = (uy,--,u,) and V =

(v1,++,v,). Let P be open in X; for a function f: P — Y, we can define
f(x) =Y filz)vs,
=1
where f;(z) are the components of f with respect to that basis V. Naturally,

fi(z)
F@lv=| : |, filz)=[f(@)]y e
fm ()
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Definition. The Gateaux derivative of f can now be defined by

m

DUj f(f) = Duj (Z fz(fﬂ)vz) = ZDUjfi(x)viv
i=1 i=1
and the i-th component of the derivative is

(Dujf(x))i = Dy, fi(x).

Here the expression D,,, fi(x) = 0; f;(x) is the partial derivative of f with respect to the basis U and V.

Definition. If we collect all mn partial derivatives 9; f; in an m x n matrix, we get the Jacobian matrix:

o fi(z) - Onfi(z)
Jf(x) = : : e R™*m,

The Jacobian matrix is the matrix representation of f’(x) with respect to bases U and V. Namely,

[fl(x)z]v =Jf(x) [Z]U

Beginning of April 5, 2023

A correction from last time’s notes: if g is differentiable at = and ¢! is also differentiable at g(x), then ¢'(z) is a
normed vector space isomorphism regardless of dimension.
Last time we were left off with the Jacobian matrix. Namely, in finite dimensions, J f (x) is the matrix representation

of f'(x) whenever f is differentiable at x. Particularly, we have the derivative formula:

[f'(@)]y = Tf (@) [2]y = f'(2)z = o3 (Jf(2) [2]y)),

where 7/ is the inverse coordinate vector to V.

Proposition. Suppose f:R™ - R™ is a function, and U and V are basis of R” and R™, respectively. Then

J f(z) is the matrix representation of f'(z).

Proof. Suppose A is the matrix representation of f’(x) with respect to basis U and V. Then

COIJA = Aej =A [uj]U = [fl(x)uj]v = [ajf(x)]v .

The partial 9; of f(z) takes the form of

[0;f(x)]y = |:8j g;fz(ﬂﬂ)%] = iajﬁ(@ [vi]y -

v

Note that Y7, 9; fi(x)e; is simply col;J f(x), which completes the proof. O

Remark. Note the change in dimensions that are done through the matrix A. [u;],, is a R"-column (hence U), and

Ais a R™*" matrix. Hence the product A[u,],, returns a R™-column (hence V).
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Until now, we have learned that if we know a function is differentiable at x,, then we can compute the derivative
using the Jacobian. However, the existence of Jf(xz) does not imply differentiability. This brings the question: if

J f(x) exists and we have additional information, can we conclude f is differentiable at x?

Proposition. Let X and Y be finite dimensional real normed vector spaces with basis U = (uy, -, u,) and
v = (v1,-, V), respectively. f: P - Y is C! at zg € P c X if and only if z + J f(z) is continuous at = (with

respect to any norm) if and only if all partial derivatives are continuous at z.

Remark. The transformation x ~ J f(z) can be continuous under any norm. Indeed, we intend to show for every
¢ > 0 there exists § > 0 such that |zo-y|y < = |Jf(z0) - Jf(y)| < €. Because R™*" is finite-dimensional, any

norm (operator norm, supremum norm, ¢2 norm) work the same as they are equivalent. Here we use the ¢! norm.

Proof. We know that if the derivative exists we have that

Fl(@)z = o (Jf(2) [2]y).-

Hence we can consider the Fréchet derivative (although we cannot formally write it down...yet):

ILF (0 + 2) = F(20)] = T £ (w0) [=] il r = 0121 ).

The ¢! norm can now be represented as

m

Illx = Z

=1

fi(wo +2) = fi(xo) - Zlajfi(%)zj
=

Define w; = Y7 _, zju;, a "partial sum" where w,, = z. Thus

m | n mofn zi d
H'Hél = Z Zfi(xo+wj)—fi(x0+wj_1)—8jfi(xo)zj = Z Z[ —fi(x0+wj_1 +SUj)dS—8jfi(J?0)Zj .
i=1 |j=1 almdo ds

Here in the second step we applied the fundamental theorem of calculus, and

dei(xO +wj_1 + suj) = 0; fi(xo + wj—1 + su;).

Hence by the triangle inequality,

5

J=1

m
Il <
=1

[ 030+ wye + su) = 0, (0) ds| <

K3

(with some steps omitted) proving the statement as desired. O

Beginning of April 7, 2023

We will continue with the discussion in chain rules. Consider finite-dimensional normed vector spaces X, Y, Z with
dimensions n, m,p. Assume further f: P ->Y and g: Q - Z, P c X and Q c Y. Further f differentiable at 2 € P
and g differentiable at f(z) € Q. We already know from the chain rule that go f is differentiable at x with derivative
(go f)(x) =4g'(f(z)) o f'(x). Essentially, if X, Y, Z are finite-dimensional vector spaces, then we can replace the

derivatives with matrices - the Jacobian matrices are the matrices of transformation of the derivative.
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Proposition.

J(go (@) = Jg(f(x))Jf ().

Remark. Particularly,

m

[T(g o /) (@)];; = X [Tg(f @)kl f (@)]k;-

k=1
This matches the definition of partial derivative in calculus III, where

B;hi(x) = kil g (F(2)); Fi ().

We then quickly introduce the gradient vector. Let f : U — R be a function, where U c R™ is open. If f is

differentiable at = € U, then we can define the gradient vector.

Definition. The gradient vector of f at x is evaluated as

OLf(x)
Vi(z)=|
On f ()

Remark. f'(z)z = z-V f(z); and the operator norm | f'(z)|gn_g = |V.f(2)].
We have talked about first derivative, so in principle we can discuss more about higher-order derivatives. Indeed,
let f:U - Y where U c X is open. For now, assume that f is "nice" enough (in terms of smoothness). From

previous lectures we know that f'(x) € B(X,Y"), so technically taking the derivative again gives

f(@) = (f) () € B(X, B(X,Y)),

a linear transformation where the range is the set of bounded transformation B(X,Y"). Specifically,

((f"(x))2)z €Y,

where z,w € X. This is because (f”(x))z outputs a linear transformation B(X,Y").
We can slightly change the notations of the second derivative through a bilinear transformation. Specifically, we
define f"(z) = B*(X x X,Y).

Definition. Let V, W, Z be real normed vector spaces. A bilinear transformation B: V x W — Z is a map

which is linear in both arguments. Particularly,

B(cvy +v9,w) = cB(c1,w) + B(va,w); B(v,cwy +ws) = cB(v,w1) + B(v,ws).

Remark. Bilinear transformations are not linear. Indeed, B(c(v,w)) = ¢2B(v,w).
The bilinear transformation B takes the operator norm

| B(v,w)],

lvlly wly’

where v € V\ {0}, w ¢ W\ {0}. B is bounded if | B| is finite. Using the same proof, B is continuous if | B| is finite.

HBHVXW_J =Ssup

We also define B2(V x W, Z) is the set of all bounded bilinear transformations B : V x W — Z. Particularly, it is
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isomorphic to the "ugly definition":
B(V,B(W,2)) = B*(V xW, Z).

Example. Any real inner product (-,-) : X x X — R is a bilinear transformation.

Example. The quadratic form of a matrix A € R"™*", defined as B(«,y) = = - Ay is a bilinear transformation
B:R™xR" - R.

Now back to the double derivative f'(xz()(z,w), a bilinear transformation from f : X - Y. We have the following

identity as a result of the definition:
F(@0)(z,w) = ((f) (o) 2)w-

We also have the following claim.

Proposition.

f"(@o)(z,w) = (Dw (D= f)) (o).

Proof. Consider the difference

Dy, f(z0 + hw) = Dy f (0)
h

= (D=(f")(zo))w,
where D, f(zo + hz) = f'(xo + hz)w, and D, f(xo) = f'(xo)w. Taking the norms, we have that

f'(@o +hz) - f'(w0)
h

Iy < =D (f")(0) lwlx

X-Y

with the operator norm ||| ,_,,- tending to zero from the derivative of the Fréchet derivative in the direction z.

Therefore the above expression |-, also goes to zero, proving the claim. O

Beginning of April 10, 2023

Last time we talked about second derivatives of a function, focusing on the second derivative as a linear transfor-

mation. Particularly, the following proposition holds:

Proposition.

(f") (@o)2)w = £ (o) (2, w).
The second derivative is the space of bounded bilinear transformation, f”(z¢) € B>(X x X,Y) =2 B(X,B(X,Y)).

This brings the question: is f”(xo) symmetric? The answer is yes, provided the existence of f"(x(), and this

condition is stronger than the existence of all second partials.
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Example. f:R? - R defined by

2@y (g y) £ (0,0
fag) -] 7 00
0, (z,y) = (0,0).

Here away from the origin,

y(a* +4a?y? - y*)
(22 +y2)2

~ z(zt - 42%y? - y?)
82f(x7y) - (1'2 + y2)2

alf(xay) =

Then clearly 0,(01 f(z,y)) # 01(02f(z,y)) at the origin. As f is not twice-differentiable, we cannot directly

switch the order of differentiation!

Restricting the statement to the finite-dimensional case, consider f : P — R where P is an open subset of R". (We

do not lose any information by restricting our co-domain to R instead of R™.) Assume R" has basis U = (uy, -, uy),
F (o) (ug,un) = f" (o) (un, uy).

Particularly,

0k0; f(x0) = 0Ok f (20).

We can make an inductive argument on n-th derivative. Additionally, if f € C*, then f is k-times differentiable.

f € C* if and only if mixed k-th partials commute and are continuous.

Definition. The Hessian matrix of f : R" — R at xy (with respect to basis U) is defined as

0104 o 010, f(20)
Hf(l'()) =

H f(x0) is symmetric if f”(x¢) exists and
f(@o)(z,w) = [2]y - Hf (20) [w]y -

Remark. Above is an example of a quadratic form of the symmetric matrix H f(xg).

We now move forward to Taylor’s theorem, introducing the multiindex notation.

Example. Assume f:R? - R is six times differentiable at a. We can write
020103020201 f(a) = 8128363f(a).

We can alternatively write it as 9% f(a), where « = (2,3, 1).

Definition. A multiindex « is an n-tuple of elements that belong to the set N{. It is used to indicate the

number of derivatives for each individual component.
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Definition. Consider a multiindex « = (aq, -+, @) = Njj. We will use the following definition/notation:
e We define a! = aq!as!-ay,!.
* With (21, -, 2,) € R", we define 2 = (z1,--,2,)%"% = g 252 x0".

* The absolute value of the multiindex |a| is define as the sum of the indices, || = a1 + -+ + .
Remark. |2°| < 2|,

Proposition. (Counting multiindices) If o € Nj} is a multiindex of order k, then there are k!/«! distinct tuples

of the form (41, i) such that z;,---z;, = 2.

Theorem. (I-d Taylor) Assume g € (C™[0,1],R). Given z € (0, 1], there exists 2* € (0,z) such that

P m!

Proof. Apply the mean value theorem m times. O

With the Taylor’s theorem in one-dimensional and the multiindex notation, we will now be comfortable in expressing
the Taylor’s theorem in finite-dimensional spaces. Suppose f : P — R and f € C™, where P is a convex subset of R".
Suppose given a we wish to approximate a+ z; we opt to parametrize through ~ : [0, 1] — R" defined by v(¢) = a+tz.

Then we can write
fla+2)=f(v(1)),

where g = f oy :[0,1] — R. Then applying Taylor’s theorem in one-dimensional case,

g('m) (t*)
m!

(k) 0
fla+s) =g 3 O
k=0
With ¢(t) = f(a + tz), applying chain rule gives
g (t) =z Vf((l +t2) - Z Z’Llallf(’}/(t)) g(k)(t) = Z Z anzkauauf(’Y(t))
i1=1 1=l ip=1

We can then apply the multiindex to return a more beautiful expression. A bit to cover in the next lecture.
Beginning of April 12, 2023

Last time we were talking about Taylor’s theorem in multiple dimensions. Specifically, f : U — R where U is an
open convex subset in R™. With f ¢ C™(U;R), we have the composite function for estimating a point a + z based
on a point a:
g=foy:[0,1] >R, ~(t)=a+tz.
Here the - walks along the segment from a to a + z. With
g =z-Vf((1) = X 2,0 F (1), g (@) = 3 Yz zin iy -0 fF(4(1)),
di=1 ii=1 ip=1
the single-variable Taylor theorem concludes that

m-1 (k) (m) (4
fla+z)=g(1)= > 2 0, g™ )

= k! m!
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for some t* € (0,1).
Remark. The notation for g(*)(¢) is obtained from reproducing the chain rule k times. Using multiindex notation,
we use the counting proposition to count for repetitive factors. Summing over the set where |a| = k,

PIOED WS SION

|a|=k =*
Therefore
220° f(a)

al

Zaao‘f(z*)

+ > .
|a|l=m

!

m-1
fla+z)= Z Z
k=0 |a|=k

Remark. The last term is o(|z|™).

Then we move on to implicit function theorem (in a more simple way first). Recall the vertical line test - consider
an example y = V1= 22, or the upper unit circle. At the point z = 1, we cannot extend the unit circle to the negative
y-axis unless we write some x = M ; but we cannot extend the unit circle to the negative z-axis this way.

Closely speaking, the unit circle is the solution set of
F(z,y) =2 +y*

with the graph of the circle the level set F'~1(1). If we restrict the domain to y > 0, we can write the solution set as
y =V 1-22; and we are interested in the property that goes further than the vertical line test. More specifically, we

want to test the solution y = g(z) only based on the function F(z,y) = 2% + .

Theorem. (Implicit function theorem in the plane) Let U be an open subset of R%. Assume F ¢ C"(U;R) for
some 7 € N. Let (g, yo) be a point in U such that 9> F(xqg,y0) # 0. Denote zg = F'(x9, o). Then there exists a

unique function g : (zo - 6,29 + 8) = (yo — &, yo + €) such that

Gragh g = F"(20) n ((z0 - 6,20 + 8) x (Yo —£,y0 +€), g€ C" ((xo 0,20 +0)).

Here the limitation of the co-domain determines the uniqueness of the function. Additionally note that the implicit
function theorem only provides a (perhaps small) neighborhood of z; if we can apply the implicit function theorem
on all of x( in the domain, we can get a global representation. Sometimes it would be more convenient to calculate

for the set (z9,yo) : O2.f (0, y0) # 0.
Example. Consider the example
G(z,y) = (z +y) cosxy.

Additionally,
(0,1) € G (1) = {(2.y) : G(ay) = 1}

Can we write G~1(1) as {(z,y) : ¥ = g(z)} in some neighborhood of (0,1)?

Sol. Compute
oG (x,y) = cosaxy — x(x +y)sinxy = &G(0,1) =1 %0,
hence the tl;dr answer is yes.

Beginning of April 14, 2023
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Today we will first talk a bit about contraction mapping principle (or the Banach fixed point theorem), then we will

continue on implicit function theorem.

Definition. z € X nY is a fixed point of f : X - Y if f(z) = «.

Definition. Let (X,d) be a metric space. ¢ : X - X is a contraction on X if there exists c € [0, 1) such that

d(p(x), p(y)) < cd(,y)

for every z,y € X. That is, the distance between the two points shrink; the function decreases distances.
Remark. Contractions are uniformly continuous.

Theorem. (Banach fixed point theorem) Let (X,d) be a complete metric space. Let ¢ : X - X be a

contraction. Then ¢ has exactly one fixed point.
Proof. (Uniqueness) assume ¢(x) = x and ¢(y) =y. Then

d(z,y) = d(p(x),p(y)) <cd(z,y) = (1 -c)d(z,y) <0.

As ¢ < 1 and d(z,y) is nonnegative, the only possibility is that d(z,y) = 0.

(Existence) choose z € X, define x,, = ¢"(z¢). It suffices to show that (), is Cauchy. We then have

m—1 m~—1 & m-n-1 . n—oo
d(Zpm, xn) < Z d(xgs1, k) < Z cd(z1,20) = c"d(z1,x0) Z d = 0.
k=n k=n 7=0
This proves the claim. O

We then discuss the more general form of the implicit function theorem. (Note: this is not the most implicit function

theorem. The more general form takes the form of a Banach space, but we will stick with Euclidean spaces for now.)

We will use the following notation for the implicit function theorem. Specifically, we are interested in a
mapping from R™ x R"™ — R™, specifically F': U - R™, where U c R™ x R™. The elements of U takes form

of (x,y) e R" x R™, where x = (x1,-,2,) and y = (y1,*+, ¥ ). The Jacobian matrix takes

oF, . 0F  OF .. OF
oz Oxy Iy OYm
JF(x0,y0) =| : : S [JIF(meo) JQF(X07YO):|'
OF, e OF, OF, e OF,
0x1 Oz y, Ay1 OYm
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Theorem. (Implicit function theorem) Let U be an open subset of R" x R™ containing (xg,yo). Assume
F e C*(U,R™) for some k € N. Write zg = F(xo,yo0). Assume .J,F(xo,yo) is invertible; then there exists
a neighborhood V of xo and W of yg, with V x W c U, and a unique function g : V' — W such that
F(x,9(x)) = 2o for every x € V (v = g(x) is locally the level set of F~%(z¢)), and g € C*(V;W).

Beginning of March 17, 2023

Today we will prove the general statement of the implicit function theorem.

Theorem. (Implicit function theorem) Let U be an open subset of R"” x R™ containing (xg,yo). Assume
F e C*(U,R™) for some k € N. Write zg = F'(xo,Yy0). Assume K,F(xg,yo) is invertible; then there exists a
neighborhood V of xg and W of yo, with V x W c U, and a unique function g : V.- W, such that

* F(x,9(x) = zo for every x € V, and graph g = F~!(z¢) n (V x W),
e Jg(x) = JoF(x,g(x)) ' 1 F(x,9(x)) for every x € V,

 geCH(V;W).

Remark. TLDR: on the set S where F' = zg, we can solve for y as a function of x near (xg,yo) € S, provided that

JoF(x0,y0) is invertible.

Proof. Without loss of generality, let (xg,yo) = (0,0) € R" xR™; zg = 0 ¢ R™. We want to find g(x), defined near
0 € R”, such that F(x,¢(x)) =0 on V = dom g. First, for x,y in the neighborhood of interest, by the derivative

we have that

F(x,y)=F(0,0)+ F'(0,0)(x,y) + R(x,y) =0+ J1 F(0,0)x + Jo,F(0,0)y + R(x,y).

Especially for the second step we have that

x
JLF(0,0)  JoF(0,0) || 2n x
JF(0,0)(x.y) = |00 REOO) 15 1o, 0) bF(&O)]l ]
eRmxn eRmxm Y1 Yy
[y

Additionally, the remainder term satisfies R(x,y) = o(|(x,y)]|) as (x,y) — (0,0).

Solving for the equation, we have that
F(x,y)=0=y=-J2F(0,0)" [1F(0,0)x + R(x,y)],

and note that J>F'(0,0) is invertible by assumption. The above equation almost solves for y as a function of z,

but it’s not quite there. However, we can define
Ex(y) = =J2F(0,0)™ [1F(0,0)z + R(x,y)]-
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Given x close to 0 € R", we look for y such that K,(y) =y. The idea is to find » > 0 and 7 > 0 such that K is a

contraction on W = B(0,r) whenever x € B(0,7) = V. Then we can define
g(x) = [fixed point of K,].

Then when is Ky = -JoF(0,0)"! [J1F(0,0)x + R(x,-)] a contraction? We want to show that K, does decrease
norm in an uniform way; then we need to show that K, does map W — W.

Regarding the norm-decreasing property,
Ky(y1) - Kx(y2) = =J2F(0,0)7 [/1F(0,0)x + R(x,y1)] + J2F(0,0) " [J1F(0,0)x + R(x,y2)].
As they share a common term that cancel out, we can simplify the expression as
Kx(y1) - Kx(y2) = J2F(0,0)™ [R(x,y2) - R(x.y1)] = J2F(0,0)™ Al %R(x, (1-t)y1+y2)(y2 — 1) dt.
On the other hand, using the chain rule, we obtain
K1) = Kily2) = (0,00 [ JoF G, (1= 0ya + ty2) (v - )
This implies
| Kx(y1) = Kx(y2)] < [ J2F(0,0)7"| /01 | T2R(x, (1= t)y1 +tya)|ly2 - ya| dt
Then we can choose r > 0 such that max {|x|, |y|} < r implies

- 1 1
[725(0,07 [ - [ R, y) | < 5 = [Kx(yn) = Kx(y2)l < 5 lya =¥l

Then we still need to prove that the image is the subset of the space of domain. Particularly, we can make sure
that |Kx(0)| < r/2, which implies

1 r
|Kx (y)| < [Ex(y) - Kx(0)] +[Kx(0)] < 3 ly - 0] + S <

Choosing 7 € (0,7) such that |x| < 7 = |Kx(0)| < r/2 suffices. Therefore K, : B(0,7) - B(0,r) is a contraction
whenever |x| < 7. Then by the contraction mapping principle, we have a unique fixed point.
The next step is to show that g is differentiable at 0 € R™ with Jg(0) = -J2F(0,0)"*.J; F'(0,0).

9(x) = Kyx(g(x)) = =J2F(0,0) " [J1F(0,0)x + R(x, g(x)].

A manipulation of terms give

9(x) = 9(0) - (=J2(0,0)"" J1F(0,0)x)

]

VR(x,9(x)

x|

- J»F(0,0)"

It suffices to show that R(x, g(x))/ |x|| = 0 as x — 0. But also note that

R(x,9(x)) _ R(x,9(x)) [(x,9(x))]

= (%, 9(x)) x|

If we can show that g is Lipschitz, then the first component goes to zero as x — 0, as x — 0 implies (x, g(x)) -

(0,0), whereas the second term remains bounded. Then it suffices to show that |g(x)| < L |x| for some L > 0
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around zero. We thus have

lg(x)| = [Kx(g(x))]
= |Kx(g9(x)) — Kx(0)[ + |Kx(0)]
< % lg(x) = 0] +|J2F(0,0) " (J1F(0,0)x + R(x,0)|

i _ IR(x.0)]
< 319601+ | [2F(0.0) | 177 (0,0)1 + L

whereas the bracketed term is bounded above by L/2. This proves the remainder term is o(|x|), hence the

Jacobian is then
J=-J5(0,0)"'J,F(0,0)x.

The last step is to obtain the formula to obtain the formula for the Jacobian evaluated at not just zero but some
point near zero. To do so, JoF is continuous at (0,0) € R” x R™ and ¢ is continuous at 0 € R". Addition-
ally, J2F(0,0) is invertible, and GL(m), the set of invertible matrices, is an open subset of R”*™. Therefore

JoF(x,g(x)) is invertible for small enough x. Running similar argument as step 2 gives the expression
Jg(x) = 22 F(x,9(x)) " J1F(x, 9(x)),
and that ¢ is C'!; by induction we can extend it to C*. O
Beginning of April 19, 2023

Today we will talk about the inverse function theorem and introduce the differential forms.

Theorem. (Inverse function theorem) Assume x¢ € U, and U is an open subset in R"™. Additionally, f maps
U to R™, and is C* for some k € N, yo = f(x0), and .J f(xo) is invertible. Then there exists neighborhoods

V including xg and W including yo, and a unique function g : W — V such that

g=(f lv-w)",

and ¢ is a C* mapping from W to V. Particularly, g(f(z)) = 2 for z € V and f(g(y)) =y for y e W.

Proof. We hope to look at the graph of f, defined as
graph (f) = {(x,y) eUxR™: f(x) -y = 0} = F(x,y) e R™.
Defining F': U x R™ — R™, the graph of f is the level set of F' at zero, or
graph (f) = F7(0).

We then use the implicit function theorem on F. Particularly, we have y = f(x) on F~1(0); and we want to
invert this to obtain x = f~!(yy) near (x¢,yo).

Looking at J1F'(xo,y0) = Jf(xo) as the Jacobian with respect to that x variables, the Jacobian is invertible
by assumption, therefore there exists neighborhoods V including x¢ and W including yo and a C* function

g: W — V such that F(g(y,y) =0 for every y ¢ W. This shows that g is a right inverse for f, in that
0="F(9(y),y)=f(9(y)) -y
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for all y € . This shows that g is a right inverse for f on the restricted domain. It remains to show that g is a
left inverse for f. We apply the implicit function theorem again. Now consider G(x,y) = g(y) —x on G*(0). We
note that G(xo,¥0) = G(9(y0,¥0) = 0, 50 (Xo,y0) € G~'(0); additionally J5G(x0,¥0) = Jg(yo) = Jf(x0)~", as
fog=idw = Jf(9(40))J9(y0) = Imzm. Therefore there exists neighborhoods V including xo and W including
yo and f € C*(V; W) such that for every x ¢ V we have 0 = G(x, f(z)) = g(f(x))-x = go f = idj;. Furthermore,

as the two inverses must align, the proof is complete. O

Remark. There is no way to turn this "local" inverse function theorem into a global one.

Example. Consider f:R? - R? defined by

fay) = lez cos y] '

e”siny
We have that
|
e*siny  e®cosy
which is invertible for all (z,y) € R?; but f(x,y + 27) f(z,y) for every (z,y) € R?, so there does not exist a

global inverse.

And that would be the end of this set of lecture notes. In fact, Professor Leslie did not really give an in-depth intro
on the topic of differential forms, although it was arguably one of the most important sections. (He did talk about
it, but it wasn’t tested anyways so I didn’t really bother to take notes.) Nevertheless, his "lecture notes" follows
directly from the differential forms section of Pugh’s Real Mathematical Analysis book, so an interested reader can

instead redirect to Pugh.
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