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For Problems 1-6, determine whether the differential equa-
tion is linear or nonlinear.

For Problems 1-4 determine the order of the differential
equation.
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6. Verify that y(x) = x/(x + 1) is a solution to the dif-
ferential equation
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9. A glass of water whose temperature is 50°F is taken
outside at noon on a day whose temperature is con-
stant at 70°F. If the water’s temperature is 55°F at
2 p.m., do you expect the water’s temperature to reach
60°F before 4 p.m. or after 4 p.m.? Use Newton’s law
of cooling to explain your answer.
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10. On a cold winter day (10°F), an object is brought out-
side from a 70°F room. If it takes 40 minutes for the
object to cool from 70°F to 30°F, did it take more or
less than 20 minutes for the object to reach 50°F ? Use
Newton’s law of cooling to explain your answer.
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For Problems 7-21, verify that the given function is a solu-
tion to the given differential equation (¢ and ¢ are arbitrary
constants), and state the maximum interval over which the
solution is valid.

7. y(x) = cre™* + e,y =25y = 0.

8. y(x) =cjcos2x +cpsin2x, y’'+4y=0.

9. y(x) = c1e* + e,y +y —2y=0.
10. y(x) = ﬁ, y = —y2
1L y(x) =cix'2, y' = %
12. y(x) = e ~sin2x, y”"+2y +5y=0.
13. y(x) = cjcosh3x + ¢p sinh3x, y” —9y =0.
4. y(0) = cix 7 +ox 2%y 450 +3y = 0.
15. y(x) = c;x2Inx, x2y” —3xy' +4y =0.

16.
17.

18.

19.

y//

y(x) = cix?cos@3Inx), %y’ —3xy 4+ 13y =0.

y(x) = cx'2 +3x2, 2x2y" — xy' +y = 9x2.

y(x) = c1x2 4 ¢3x3 — xZsinx,
x2y" —4xy' 4+ 6y = x*sinx.

y(x) = cr1e® + e,y — (a +b)y +aby =0,
where a and b are constants and a # b.

For Problems 22-25, determine all values of the constant
r such that the given function solves the given differential

—y —6y=0.

¥y’ +6y 49y =0.
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+xy —y=0.

x2y" 4+ 5xy’ +4y =0.

For Problems 33-36, find the general solution to the given
differential equation and the maximum interval on which the

36. y” = x", n an integer.

For Problems 37-40, solve the given initial-value problem.
37. y =xZInx, y(l)=2.
38. y' =cosx, y(0)=2, y©0)=1.
39,y =6x, y(O) =1, y'(0)=-1, y'(0) =4

40. y" = xe*, y(0) =3, y'(0) =4

41. Prove that the general solution to y” — y = 0 on any

interval I is y(x) = c1e* + cpe™*.

A second-order differential equation together with two
auxiliary conditions imposed at different values of the
independent variable is called a boundary-value prob-
lem. For Problems 4243, solve the given boundary-value
problem.

2. y"'=e* y0) =1, y()=0.
43. y" = =23+ 2Inx), y(I) =y(e) =0.

44. The differential equation y” 4+ y = 0 has the general
solution y(x) = ¢y cosx + c3 sinx.

(a) Show that the boundary-value problem y” +y =
0, y(0) =0, y(@r) =1 has no solutions.

(b) Show that the boundary-value problem y” +y =
0, y(0) =0, y(r) = 0 has an infinite number
of solutions.
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For Problems 1-8, determine the differential equation giving

; ! ) For Problems 1-11, solve the given differential equation.
the slope of the tangent line at the point (x, y) for the given

family of curves. L d_y = 2xy.
Ly =ce™. dx
2. y=e“. 2. d_y = yz .
3y=cx? dx at+l
’ 3. & Pdy —dx = 0.
4. y =c/x.
dy y
2 _ Yy -~ = ——.
- dx  xlInx
6. x2+y? = 2cx.
K= e 5. ydx — (x — 2)dy = 0.
7. x—c)4+(y—0)?= 202,
dy 2x(y—1)
2cy = x% —¢? 6. —=—"———
L dx x2+3
5. \[‘-= cxX Iy Iy
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Tdx T 20=2)(x =1
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has a unique solution. 11. (x —a)(x —b)y' — (y — ¢) = 0, where a, b, ¢ are

constants, with a # b.
3 /3y = ReoS (XYY i continuous on X €R

In Problems 12-15, solve the given initial-value problem.
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12. 2+ Dy +y2=-1, y©O) =1

13. (1 — xz)y’ +xy = ax, y(0) = 2a, where a is a

constant.
15. Do you think that the initial-value problem w Y si.n(x + _\,)’ PN,
dx sin y cos x
1/2
Y =xy'"2 30 =0 15. y' = y¥sinx, y(0) =0.

has a unique solution? Justify your answer. 16. One solution to the initial-value problem

dy

2
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is y(x) = 1. Determine another solution to this initial-
value problem. Does this contradict the existence and
uniqueness theorem (Theorem 1.3.2)? Explain.
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For Problems 31-36, determine the slope field and some rep- 22. Tl‘)‘_e dtiffefe““"‘l equation governing the velocity of an
opject 1s

resentative solution curves for the given differential equation. dv s
— = —kv",
dt

where k > 0 and n are constants. At r = 0, the object
is set in motion with velocity vo. Assume v > 0.

31. oy = —2xy.

, xsinx
32. ¢ y = 5. (a) Show that the object comes to rest in a finite time
1+ y ifand only if n < 1, and determine the maximum
distance travelled by the object in this case.
; Y il
33. 0 y = 3x — Y- (b) If 1 < n < 2, show that the maximum dis-
tance travelled by the object in a finite time is less
’ 2 Y )
34. oy’ =2x"siny. than N
V2
35 0y = 2+y° @=mwk
3+0.5x2°
(c) Ifn > 2, show that there is no limit to the distance
1— y2 that the object can travel.
36. 0y = — > .
2 +0.5x2
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4. At time ¢, the populatlon P(t) of a certain city 1S 1n- For Problems 1-15, solve the given differential equation. e ™
creasing at a rate that is proportional to the number of dy (@) = Le
residents in the city at that time. In January 2000, the L oL ty=de. ?-‘\, =e?aC
population of the city was 10,000 and by 2005 it had dy 2 y=ze Y
8 ay  Z._ 2 =2e"+ Ce
risen to 20,000. 2ty =, x>0

2%
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) . . 3. ,x‘zy’ —dxy = xTsinx, x>0. = -t
(a) What will the population of the city be at the be- g Y+ 2] ux
' 3 O
ginning of the year 2020? 4 2xy =207 i RS
, L -
(b) In what year will the population reach one 5. i—" ]2x Ssy=4x, —l<x<l Fay = -2 Mrte
[ dx — x4
million? P 4 Y= 2o mn-xty 4 ¢ 0-xy
6. 24 y=—>. > -
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6. Ananimal sanctuary had an initial population of 50 an- ’ ) ’ v S« mu
imals. After two years, the population was 62, while 12. (1 = ysinx)dx — (cos x)dy = 0. N“L: e =e
. . . . ’ - ~ Y
after four years it was 76. Using the logistic popula- 13,y —x7ly =20 Inx. (T-e {) = e kT
tion model, determine the carrying capacity and the 14. y' + ay = e, where «, B are constants. Tett = . Tm 4+
number of animals in the sanctuary after 20 years. 15 3/ £ mx—ly = Inx, where m is constant. T = Tm+ cekt
ch
Logstic modal: P =52 e S .
fo+ccfoe Po=5 P, =02 P, 7 24. Solve the differential equation for Newton’s law of
r= % m( f2 (% -f -1 e 23 cooling by viewing it as a first-order linear differential
g 0 PolPi-P equation.
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9. Consider the population model
dP
dr

where r, T, and Py are positive constants.

=r(P-T)P, P(0) =P, (1.5.7)

(a) Perform a qualitative analysis of the differential
equation in the initial-value problem (1.5.7) fol-
lowing the steps used in the text for the logistic
equation. Identify the equilibrium solutions, the
isoclines, and the behavior of the slope and con-
cavity of the solution curves.

(b) Using the information obtained in (a), sketch the

slope field for the differential equation and in-

clude representative solution curves.

What predictions can you make regarding the

behavior of the population? Consider the cases

Py < T and Py > T. The constant T is called

the threshold level. Based on your predictions,

why is this an appropriate term to use for 7'?
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Determine the order of the given differential equation; also state whether the equation is linear or nonlinear.

1.%+xy2=0

2. D pcos (x+y) = e
- = cos(x+y)=e

nd

27 order differantiol equortion  nonhneor (o3 (X4y1)

Verify that each given function is a solution of the differential equation.

3oty —y=t; y=3t+t?

4, 2t%y" +3ty' —y=0, t>0;

3
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Determine the value of r for which the given differential equation has a solution of the form y = e"*.

5.y +2y=0
6.y" —3y"+2y'=0
rretoatert yarert — g

r(r-unlr-2y=o

r= { o.\,ﬂj

Solve the following problems using the Integrating Factor Method.

18. y'-2y=4-t

Determine the value of  for which the given differential equation has a solution of the form y = ¢" for ¢ > 0. 19. n'+2 y= 4{2 s y(l) =2

7. t2y" + 4ty +2y =0

8. t2y" —4ty' +4y =0

L rlr-) - urtT 4y 4o
t"[ru——n— Qr*l-l.x =0

1" (r—\\[»—-u\ =0

r-.{.,q]

Verify that y(¢) satisfies the g
satisfies the given initial conditi

differential equation. Then determine a value of the constant € so that y(t)

9. y'+(sint)y=0: y(t) L ym =1

10. y' +2y = 0; y(t) = Ce™, y(0) = 1

Y= e,y =-rcet
WS= 20e M 42¢ et Lgoins
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Salve the following prablems using the Separation of variables Methad.

dy_ ¥
a1y
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i valid. . To find the interval of definition, look for poins where the integral curve has a vertical tangent.

16. Solve the nitial value problem ¥(0)=1 and determine the interval in which the solution

2c0s2x

17. Solve the initial value problem % () =1 and determine where the solution atains its

dr (342"
maximum value

|1_S1L~1-\\0\\|:Ss7\‘+wno\x
V-2 = Rt 2k4C
Y2y = 40t 43
1. S\|+e."o\\'=f7~-€'ld>\
-;_\|‘+e.‘| =30+er4C
1. §eyt-bydy= fr+ 3l dx
P-iy = x4 tC
D Y-yt = x4xto2
y42 - R34

Re B, X6 (-00, 1) yl-1,420)

20. 2y +ty=2, y(0)=1

21. u'+ku= kT, + kAsin( o)

22, Y +2y=2e"

23. y'+ y=>5sin(2f)

24. o' +2y =sin(1), »%)=1,t>0
2

W

Consider the initial value problem
V' +4y=3+2cos(2t), y(0)=0

a) Describe the behavior of the solution for large ¢ .

b) Determine the value of ¢ for which the solution first intersects the line y =12.

26. Show thatif @ and A are positive constants, and b is any real number, then every solution of the equation

' +ay=be ™ has the property that y — 0 as ¢ — 0. Hint: Consider the case =1 and a = A separately.
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