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0 Preface

This notebook serves as notes for Stephen Goode and Scott Annin’s Differential Equations and Linear Algebra, 4th
edition. This book serves as the primary textbook for undergraduate linear algebra and differential equations, in-
cluding the class that I am currently in, MATH 225. My course, as it focuses more on linear algebra than differential
equations, covers a majority of chapters 1-4 and some of chapters 6,7,8, and 9. Again, if I have time, I will come

back and make up for the sections not mentioned by my professor.

It is worth mentioning that my (fairly garbage) LaTeX skills does not allow me to draw any sorts of graphs or figures,

so let’s stick with the numbers and letters for now.

Welcome.
Stanley Hong
April 13, 2022
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1 First-Order Differential Equations

1.1 Differential Equations Everywhere
Definition 1.1: Differential equation
A differential equation is any equation that involves one or more derivatives of an unknown function.

Differential equations in which the unknown function depends on a single independent variable are called
ordinary differential equations. Differential equations that involves partial derivatives of the unknown

function of two independent variables are called partial differential equations.

The highest derivative that occurs in the differential equation is called the order of the differential equation.

The Malthusian model for the growth of a population assumes that the rate of growth is proportional to the

population present at that time. The growth model can be described as

dP
— =kP,
dt ’
where & is a constant. It follows that
P(t) = Ce*,

where C'is an arbitrary constant. The above formula is called the general solution to the differential equation. To
determine a particular solution, we also need an initial condition which specifies the appropriate value of C. For

example, the initial condition P(0) = Py and P(0) = Ce*? = C gives C = Py, and the particular solution becomes
P(t) = Pyett.

The Malthusian model only predicts certain population, like bacteria. Its more general population alternative,
the logistic population model, assumes a constant birthrate By and a death rate Dy that is proportional to the
population. The resulting differential equation becomes

% = (Bo - DoP) P,
where By and Dy are positive constants. The logistic population model has a carrying capacity of the population,
given by C' = By/Dy.

Now consider another example: the rate of change of temperature of an object. We know from thermodynamics
that if the temperature of the object is hopper than that of the room, then the object will begin to cool, and vice
verse. We also expect that the major factor governing the rate of cooling is the difference in temperature. The
Newton’s law of cooling arises from this. Let 7'(¢) denote the temperature of the object at time ¢, and let 7., (¢)
denote the temperature of the surrounding medium. Hence,

daT

= k(T =Tn) = T(1) =T + Ce™,
where ¢ is a constant. Newton’s law of cooling therefore predicts that as t - co, T — T},,.
Of course, there are more examples of differential equations, like the initial trajectory problem of motion, and the
different types of growth models. We won’t go over them one by one, but this should give a sense of how common

differential equations are in our daily lives.
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1.2 Basic Ideas and Terminology

We now formalize the ideas introduced in the examples in last section.

Any differential equation of order n can be written in the form

G(z,y,9,y",y™) =0,

where y(*) denotes the n-th derivative of y with respect to x.

A differential equation that can be written in the form
ag(2)y™ + ar(2)y" ) + .+ an(w)y = F(2),

where ag, a1, ...,a, and F are functions of x only, is called a linear differential equation of order n.

A differential equation that does not satisfy this definition is called a nonlinear differential equation.

Example 1.3. The equation 3" + e3%y"” + 23y’ + (cosx)y = Inx is a linear differential equation of order 3,

whereas 4" + y? = 0 is a nonlinear differential equation of order 2.

A function y = f(z) that is n times differentiable on an interval I is called a solution to the differential
equation on I if the substitution of y = f(z),y’ = f'(), ... reduces the differential equation to an identity for

all z € I. In this case, we say that y = f(x) satisfies the differential equation.

P L

Example 1.5. We want to verify that sin(xy) + 3 — = = 0 defines a solution to

dy _ 1-ycos(zy)
dr  xcos(zy) +2y

To do this, we apply rules of implicit differentiation.

d d
cos(zy) (y + x—y) +2y—=-1=0= —y[a: cos(zy) + 2y] = 1 -y cos(ay),
dx dx dx

and moving terms gives the original expression as required.

A solution to an n-th order differential equation on an interval [ is called the general solution on I if it

satisfies the following conditions:

(1) The solution contains n constants cy, ¢, ..., Cy,.

(2) All solutions can be obtained by assigning appropriate values to the constants.
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On the other hand, a solution to a differential equation is called a particular solution if it does not contain any

arbitrary constants not present in the differential equation itself.
Now we define the initial-value problem.

Definition 1.7: Initial-value problem

A n-th order differential equation together with n auxiliary conditions of the form

y(@0) =y0, ¥'(x0)=y1, s Y (@0) = Yot

where yo, 41, ..., yn—1 are constants, is called an initial-value problem.

Theorem 1.8

Let a1, aq,...,an, F' be functions that are continuous on an interval I. Then, for any xzq € I, the initial-value
problem

y(") +ag (x)y("_l) +otan1(z)y +an(x)y=F(x)
y(zo) =yo, Y (x0)=v1, -, y(n_l)(iﬁo) = Yn-1

has a unique solution on 1.

Proof. This is a fundamental result of differential equations, and we will prove it later in chapter 8. O

1.3 The Geometry of First-Order Differential Equations

Definition 1.9: Solution curve

The graph of any solution to the differential equation (% = f(x,y) is called a solution curve.

Consider an initial-value problem
d

=@y, y(@o) = .
X

Geometrically, we are interested in finding the particular solution curve to the differential equation that passes

through (¢, yo) in the Cartesian plane. The following questions naturally arise:
(1) Existence: Does the initial-value problem have any solutions?

(2) Uniqueness: If the answer to (1) is yes, does the initial-value problem have only one solution?

Theorem 1.10: Existence and Uniqueness Theorem
Let f(x,y) be a function that is continuous on the rectangle
R={(z,y):a<z<bc<y<d}.

Suppose further that % is continuous in R, then for any interior point (xg,y0) in R, there exists an interval

I containing xo such that the initial-value problem has a unique solution for x € I.
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Proof. Geometrically, if f(z,y) satisfies the hypotheses of the existence and uniqueness theorem in R, then
throughout that region the solution curves of the differential equation % = f(x,y) cannot intersect, or else it

would imply the existence of more than one solution. O
Example 1.11. The initial-value problem
= Bxy% y(0) =a

has a unique solution whenever a + 0, but it does not have a unique solution when a = 0. Consider f(x,y) =
3zy!/3, 8fdy = xy~2/>. f is continuous in the zy-plane, but df/dy is continuous at all y # 0. Hence, it
is clear that if a # 0, we can draw a rectangle containing (0, ) that does not intersect the z-axis, so the
Existence and Uniqueness theorem is satisfied. However, we cannot do that for a = 0, hence the initial-value

problem have more than one solution: consider y(z) = 0 and y(z) = 23.
Definition 1.12: Slope field

The slope field for a differential equation % = f(x,y) is the sketch of the value of f(x,y) at several points
and drawing through each of the corresponding points in the zy-plane as their slopes.
The slope field can be sketched with three important steps:

(1) Isoclines: for the differential equation % = f(z,y), the function f(z,y) determines the regions in the xy-plane
where the slope is positive and where it’s negative. The family of curves where f(x,y) = k are called isoclines

of the differential equation.

(2) Equilibrium solutions: any solution to the differential equation of the form y(x) = yo where yq is a constant is
called an equilibrium solution to the differential equation. The corresponding solution curve is a line parallel

to the z-axis. Equilibrium solutions are given by any constant values of y for which f(z,y) = 0.

(3) Concavity changes: differentiating the differential equation with respect to z gives an expression for d?y/dx?

in terms of x and y, which can be useful in determining the behavior of the concavity of the solution curves.

1.4 Separable Differential Equations

Definition 1.13: Separable differential equation
A first-order differential equation is separable if it can be written in the form

p() % = ().

ay
dx
Theorem 1.14

If p(y) and ¢(z) are continuous, then the separable differential equation has the general solution

fp(y) dy:fq(w) dz +C,
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where C is an arbitrary constant.

Proof.
)2 =)= ([ o) ) = o).

Integration both sides of this equation with respect to z yields

[ pw ay= [ a@) dzsc.

Example 1.15. We want to find all solutions to ' = —2zy>. We do this by separating variable:
y 2dy = —2zda.

Integrating both sides gives
1

22-C"
However, we can see by inspection that y(x) = 0 is also a solution to the differential equation, but we did

—y =2+ C=>y(z) =

not count it in when we divided by y in separating the variables. Thus, the solutions are

1
y(z)=—— and y(x)=0.
z2-c

1.5 Some Simple Population Models

We consider in detail the models of population growth, namely Malthusian and Logistic models.

Recall that the Malthusian growth model is defined by the equation
P(t) = Pye*t,

where P, denotes the population at ¢ = 0. This law predicts an exponential increase the population with time.
The time taken for population to double is the doubling time. This is the time, ¢4, when P(t4) = 2P,. Substituting
gives 2P, = Pye¥'¢. Dividing both sides by P, and taking logarithms give

1
ktg=ln2=1t,= Eln2.

The general logistic model describes the rate of change of population by

W _ 8y - D@2

where B(t) and D(t) denote the birth rate and death rate per individual, respectively. The exponential law corre-
sponds to the case when B(t) = k and D(¢) = 0. Considering the death rate per individual is directly proportional

to the population, the differential equation gives

dP
— =(Bo-DyP)P.
dt (0 0)7
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where By and Dy are positive constants. It is useful to write the differential equation in the equivalent form

dP P
a"”(l‘a)P’

Bo
Do *

population increases. If P > C, then % < 0 and the population decreases.

where r = By and C = i

Considering the analytical solution to the logistic model, we have

C P
/mdpz'f't'FCl:}ln‘C_P’:Tt"’Cl.

Redefining the integration constant yields

P CQCBM CQC
——— =" = P(t) = = )
o p PO T e

Imposing the initial condition P(0) = P, gives Cs = Py/(C - Fy), which gives

CPh
P() + (C - Po)efrt '

P(t) -

1.6 First-Order Linear Differential Equations

Definition 1.16: First-order linear differential equation

A differential equation that can be written in the form

a(r) L+ by = (),

where a(z), b(z) and r(x) are functions defined on an interval (a,b), is called a first-order linear differen-

tial equation.

We assume that a(x) # 0 on (a,b), so that we can divide both sides by a(x) to obtain the standard form

Lt payy = ae).

The idea behind the solution is to rewrite the differential equation in the form

d
= ge,)] = F(2)
x
for an appropriate function g(x,y). We multiply the function
I(x) = e/ p(e)dz

called the integration factor for the differential equation, as it enables us to reduce the differential equation.

Example 1.17. We want to solve the initial-value problem

d
W, xy = ze® 2 y(0) = 1.
dz

The constant C is the carrying capacity of the population. If P < C, then 22 > 0 and the
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-

An appropriate integrating factor is I(z) = e’/ and multiplying the given differential equation by I yields
i(er/Qy) =ze® .
dx
Integrating both sides with respect to z, we obtain
e 12y = %eIQ +C=y(z)=e P (%e””2 + C) .
Substituting the initial condition y(0) = 1 gives ¢ = %, thus the required particular solution is

1
—e

1 2
5 _'””z/z(e””2 +1) = §(er2/2 + 6_12/2) = cosh(%).

y(z) =

10
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2 Matrices and Systems of Linear Equations
Any equation of the form
a1x1 +aoTo + ...+ apTy =b

in constants ay, as, ..., an,b and unknowns x1,xs, ..., z, is called a linear equation. Often, several linear equations
need to be considered at once, in which case we refer to a system of linear equations. The next two chapters are

concerned with giving a introduction to matrix theory and the solution techniques for such systems.

2.1 Matrices: Definitions and Notation

Well, get ready for twenty consecutive definitions. It is a lot, but fortunately the concepts are not as difficult as

other sets of concepts. Yes, 'm talking about you, metric spaces :)

An m x n matrix is a rectangular array of numbers arranged in m horizontal rows and n vertical columns.

Matrices are usually denoted by upper case letters, such as A and B. The entries in the matrix are called the

elements of the matrix.

= —--—-

A general m x n matrix A is written as

a1 ai12 Ain

a1 a2 agn
A= [a”] =

Am1 am2 ... QAmn

1
1
1
1
Two matrices A and B are equal, written A = B, if they both have the same size m xn, and all corresponding |
1
elements have the matrices are equal: a;; = b;; for all i and j with 1 <i<mand 1< j <n. '

1

A 1 x n matrix is called a row n-vector. An n x 1 matrix is called a column n-vector. The elements of a row

or column n-vector are called the components of the vector.

Interchanging the row vectors and column vectors in an m x n matrix A gives an n x m matrix, called the

T

transpose of A, denoted as A”. The ij-th element of A", denoted ijs

is given by :

11
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An n x n matrix is called a square matrix. If a is a square matrix, then the elements a;;, 1 < i < n, make up
the main diagonal of the matrix. The sum of the main diagonal elements of an n x n matrix A is called the

trace of A and is denoted tr(A).

o= m e mm .-

An n xn matrix A = [aij] is said to be lower triangular if a;; = 0 whenever i < j, and it is said to be upper
triangular if a,; = 0 whenever i > j. An n x n matrix D = [dij] is said to be a diagonal matrix if d;; = 0
whenever i # j. Note that a matrix D is a diagonal matrix if and only if D is simultaneously upper and lower

triangular, and it can be represented in the compact form

D= diag(dl,dg, ,dn)

- o oo o

A square matrix A satisfying AT = A is called a symmetric matrix.
If A= [aij], then we let —A denote the matrix with elements —a;;. A square matrix A satisfying A” = -A is

called a skew-symmetric (or anti-symmetric) matrix.

An m xn matrix function A is a rectangular array with m rows and n columns whose elements are functions
of a single real variable ¢. The matrix function is only defined for real values of ¢ such that all elements in

A(t) assume a well-defined value.

An n x 1 matrix function is called a column n-vector function.

2.2 Matrix Algebra

After having a general idea of a matrix, the next step is to develop the algebra of matrices. We assume that all

elements of the matrices are real or complex numbers.

If A and B are both m x n matrices, we define addition, or the sum, of A and B, denoted by A + B, to be

the m x n matrix A+ B = [aij + bij]-

Matrix addition is commutative and associative.

12
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Definition 2.10: Scalar multiplication

If A is an m x n matrix and s is a scalar, we define scalar multiplication of s and A, denoted by sA, be the
m x n matrix sA = [Saij]'
Scalar multiplication is associative and distributive, both over matrices and over scalars.

Definition 2.11: Subtraction

If A and B are both m x n matrices, we define subtraction of A and B, denoted A - B, be the m x n matrix
A-B=A+(-1)B= [aij - bij].

The general definition of matrix multiplication can be built up in three stages. Matrix multiplication may seem
unapparent at first glance, but later in section 6.5, the application of matrix multiplication in linear transformations

will be more transparent. Get ready, and we are going to accelerate.

Case 1: product of a row n-vector and a column n-vector. Let a be a row n-vector, and let = be a column
n-vector. Their matrix product ax is the 1 x 1 matrix whose single element is obtained by taking the dot product of

a and 2. Mathematically,
T
X2
ar = [a1 as ... an] = [a1x1+x2x2+...+anxn].

Ln

4
Example 2.12. Ifa= [—8 3 1 2] and = = , then

7

-5

ar=[(-8)1) + B + (WD) + (5] = [-13].

Case 2: product of an m x n matrix and a column n-vector. If A is an m x n matrix and z is a column n-vector,
then the product Az is defined to be the m x 1 matrix whose i-th element is obtained by taking the dot product of

the i-th row vector of A with z. Mathematically,

ail a2 A1n X1 (A.Z‘)l
a21 a2 a2n T2 (AfE)Q
. = ' ’
a1 Q32 ... Gip : (Az);
[@m1 am2 o Qmn || T _(Ax)m_

13
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and Az has i-th element

(ASC)Z =Qi1T1 + Q229 + ... + Qi Tp.

-3 1 -2 -2
Example 2.13. IfA=|0 5 -2|andz=|1 |,then
-4 -2 5 6

[(-3)(-2) + (W)() + (-2)(6)] [-5
Az =] (0)(-2) + (5)(1) + (-2)(6) |=]|-7]-
[(-4)(-2) + (-2)(1) + (5)(6) | |36

Before we get to case 3, it is helpful to introduce a theorem that is closely related to case 2.

Theorem 2.14

. . Ca .
If A= [Ch, as, ..., an] is an m x n matrix and ¢ = is a column n-vector, then

Cn

Ac=rcra1 +coag + ... + Cpap.

Proof. Define (z); as the i-th element of x. The element a;; of A is the i-th component of the column m-vector
ag, SO

Qi = (ak)io

Hence, applying the results for case 2 gives

(Ac); = kilaikck = kzn:l(ak)ick = i(ckak)i-

k=1

Consequently,

n
Ac= Z CLAE = C1G1 + C2Q2 + ... + Cp Q-
k=1

If a1,as, ..., a, are column m-vectors and c;, cs, ..., ¢, are scalars, then an expression of the form
c1a1 + C2a9 + ... + Cpap

is called a linear combination of the column vectors.
Case 3: product of an m x n matrix and an n x p matrix. If A is an m x n matrix and B is an n x p matrix, then
the product AB has columns defined by multiplying the matrix A by the respective column vectors of B. That is, if

B= [51, b, ..., bp], then AB is the m x p matrix defined by

AB =[Aby, Ab, ..., Ab, |

14
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-4 1
-2 1 3
Example 2.15. If A= l and B=|3 -1/, then
4 -2
-9 2

. l<—2>(—4> B+ B)(-9) (W) +(D)(-1)+ <3)<—2>] _ [—16 3 ]
W4+ (2)E) + (6)(-9) D)+ (DD +©E)) ] |76 18

Definition 2.16: Index form of matrix product
If A= [aij] is an m x n matrix, B = [bij] is an n x p matrix, and C' = AB, then

n
Cijzzaikbkj 1<i<m,1<7<p.
k=1

This is the index form of the matrix product.

In order for the product AB to be defined, A and B must satisfy
# columns of A = # rows of B.

Theorem 2.17

If A, B and C have appropriate dimensions for the operations to be performed, then matrix multiplication

is associative, left distributive, and right distributive. That is,

A(BC) = (AB)C A(B+C)=AB+AC (A+B)C=AC +BC.

Proof. Associative property is trivial. Consider the right distributive property,

[(A + B)C]ij = I;(am +big)crj = kz_:laikckj + kz—:l bikChj

= (AC)45 + (BC)y;
= (AC + BC)”

It follows that (A + B)C = AC + BC. The left distributive property can be proven by similar manners. O

It is worth noting that except for rare, special cases, matrix multiplication is not commutative. That is,
AB + BA.

It is easy to find counterexamples: consider A as a m xn matrix, and B as a n x m matrix. AB gives a m x m matrix,
whereas BA gives a n x n matrix. If m # n, then AB # BA by the definition of equivalent matrices.
For an n x n matrix, we use the usual power notation to denote the operation of multiplying A by itself. That is,

A? = AA, A3 = AAA. However, powers of matrices are not used as often in elementary linear algebra.

15
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Definition 2.18: Identity matrix

The identity matrix, I, is the n x n matrix with ones on the main diagonal and zeros elsewhere.

The elements of I,, can be represented by the Kronecker delta symbol, ¢,;, defined by
57;]‘:1 7:=j, 6”‘:0 Z¢j
Then,
ITL = [5713] .
The identity matrix have an important property, that it plays the same role in matrix multiplication as the number

1 does in the multiplication of real numbers. Namely,

Amxndn = Amxn ImAmxp = Amxp-

We now discuss the properties of the transpose.

Theorem 2.19

Let A and C be m x n matrices, and let B be an n x p matrix. Then
(D AH"=A.

(2) (A+O)T=AT+ 0T,

(3) (AB)T =BT AT,

Proof. We prove (3) here from the definition of the transpose and the index form. Statements (1) and (2) are

simple enough (I believe).
[(AB)T], = (4B);:

aj1brs

M=

i
i

M:

kiGjk = Z bzkakj
1

TAT)”

A -
I

Consequently, (AB)T = BT AT, O
Here we skip the proof for triangular matrices and matrix functions. For triangular matrices, it is worth knowing that
the product of two lower triangular matrices is a lower triangular matrix, and the product of two upper triangular
matrices is an upper triangular matrix. For matrix functions, the algebra is the same as algebra for matrices, and
the derivatives and integrals are simply the derivative and integral for every single element. Note that product rule
applies here, that is,

dB dA

—(AB) A2 p
at  dt

16
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2.3 Terminology for Systems of Linear Equations

Definition 2.20: System of equations

The general m x n system of linear equations is of the form

a11T1 +a12x2 + ... + 1Ty =

ag1r1 +ag2xo + ... + AonTy = 627

Am1T1 + Q2T + ... + G Ty, = by,

where the system coefficients a;; and the system constants b; are given scalars and z1, 2, ..., ,, denote

the unknowns in the system. If b; = 0 for all 4, then the system is called homogeneous; otherwise it is called

nonhomogeneous .

By a solution to the system, we mean an ordered n-typle of scalars (¢, ca, ..., ¢, ), which, when substituted

for z1,xs, ..., z, into the left-hand side of the system, yield the values on the right-hand side. The set of all

solutions to the system is called the solution set to the system.

A system of equations that has at least one solution is said to be consistent, whereas a system that has no

solution is called inconsistent.

Our problem will be to determine whether a given system is consistent and then , in the case when it is, to find its

solution set. To do this, we first define the matrix of coefficients and the augmented matrix.

Definition 2.21: A and A#

Naturally associated with the system of linear equations are the following two matrices:

a11 ai2

. . . a21 a2
(1) The matrix of coefficients A =

Am1l  Am2

ai1 a12

a a
(2) The augmented matrix A# = | > >

Gml  Am2

A1n

A2n

amn

A1n bl

azn b

amn bm,

The augmented matrix A# completely characterizes a system of equations since it contains all the system coefficients

and the system constants. We will see in the following sections that the relationship between A and A* determines

the solution properties of a linear system.
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2.4 Row-Echelon Matrices and Elementary Row Operations stanle

The m x n general system of linear equations can be written as the vector equation

Ax =b,
where A is the m x n matrix of coefficients,
T by
oo 2o - Ug
Tp b,

The column n-vector z is the vector of unknowns, and the column m-vector b is the right-hand side vector.

2.4 Row-Echelon Matrices and Elementary Row Operations
Consider the system of equations
1+ agx2 +a3xr3 = Y1

g +b3w3 = Yo

3 =1Ys3

This system can be solved quite easily. From x5 = y3 in the third equation, we substitute back to the second equation
to obtain x5, and we substitute back to the first equation to obtain x;. This technique is called back substitution.
This section deals with characteristics of a linear system that can be solved by back substitution quite easily.

First, we define a row-echelon matrix.

Definition 2.22: Row-echelon matrix
An m x n matrix is called a row-echelon matrix if it satisfies the following three conditions:

(1) If there are any rows consisting entirely of zeros, they are grouped together at the bottom of the matrix.
(2) The first nonzero element in any nonzero row is a 1. (It is called a leading 1.)

(3) The leading 1 of any row below the first row is to the right of the leading 1 of the row above it.

1 -8 -3 7 1 0 -1
Example 2.23. |0 5 9] is a row-echelon matrix, whereas |0 1 2 |isn’t.

1
0 0 0 1 0 1 -1

Note that not all matrices are row-echelon matrices. However, every matrix A can be reduced to row-echelon form
in a way that the solution set of the linear equation system with the coefficient matrix A remains unaltered. In
general, the following three operations can be performed on any m x n system of linear equations without altering

the solution set:

18
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(1) Permute equations.
(2) Multiply an equation by a nonzero constant.

(3) Add a multiple of one equation to another equation.

A similar statement can be made for the augmented matrix of the system. These operations are called elementary
row operations and is essential even for matrices not derived from linear equation systems. Consider the following

notations, all of which are going to be very important:

(1) P, : permute the i-th and j-th rows of A.

(2) M;k : multiply every element of the i-th row of A by a nonzero scalar k.

(3) A;;(k): add to the elements of the j-th row of A the scalar k times the elements of the i-th row of A.

Furthermore, the notation A ~ B means that matrix B has been obtained from matrix A by a sequence of elementary

row operation.

Definition 2.24: Row equivalency

Let A be an m x n matrix. Any matrix obtained from A by a finite sequence of elementary row operations is

said to be row-equivalent to A.

2 1 -1 3
-1 2 1
Example 2.25. We want to reduce A = to row-echelon form.
-4 6 -7 1
2 0 1 3

We do this step by step. We first put a leading 1 in the (1,1) position by Pi5.

2 1 -1 3 1 -1 2 1

1 -1 2 1 2 1 -1 3
A= ~

-4 6 -7 1 -4 6 -7 1

2 0 1 3 2 0 1 3

Then, we use the leading 1 in the (1,1) position to clean up the first column, because essentially there should

be no non-zero elements under each leading 1. We do A12(-2), A13(4), A14(-2) to get

112 1] [1 -1 o2 1
2 1 -1 3| o 3 -5 1
4 6 -7 1] o 2 1 5
2 0 1 3/ o 2 -3 1

Now we put a leading 1 in the (2,2) position. We cannot do it by permutation now, so let’s consider Agza(-1).
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After, we use the new leading 1 to clean up the second column, namely As3(-2), A24(-2).

1 -1 2 1 1 -1 2 1 1 -1 2 1
0 3 -5 1 0 1 -6 -4 0 1 -6 -4
0 2 1 5 ) 0 2 1 5 ) 0 0 13 13
0 2 -3 1 0 2 -3 1 0 0 9 9
Now we put a leading 1 in the (3,3) position. Doing it by permutation and addition isn’t as convenient as
multiplication, so we do M3(1/13). We then use the leading 1 to clean up the third column with A34(-9).
1 -1 2 1 1
0 1 -6 -4 0 1 -6 -4
0 0 13 13 ) 0 0 1 1
0 0 9 9 0 0 0 O

Then we try to put a leading 1 in the (4,4) position, but note that the matrix above is already in row-echelon
form, so we are good by just leaving it there. Also note that for each step that results in a leading 1, we used
permutation for (1,1), addition for (2,2), and multiplication for (3,3). In fact, we can use any of the three at
any time, but sometimes one method is just simpler than other. For example, using A43(—4/3) gives us the

leading 1 in (3,3), but it is far more complicated than M5(1/13).

|
—_
[N}
—_

Now, we derive some further results on row-echelon matrices that is crucial for solving systems of linear equations.
First note that a row-echelon form for a matrix A is not unique. Given one row-echelon form for A, we can always
obtain a different row-echelon form for A by taking the first row-echelon form for A and adding some multiple of
a given row to any rows above it. However, the row-equivalent matrices shave the same number of nonzero rows.

That is, they have the same rank.

Definition 2.26: Rank

The number of nonzero rows in any row-echelon form of a matrix A is called the rank of A and is denoted
rank(A).

3 -1 4 2
Example 2.27. We want to determine rank(A) if A=|{1 -1 2 3|. We compute the rank by first reduc-
7 -1 8 0

ing A to row-echelon form,

1 -1 2 3 1 -1 2 3 1 -1 2 3 1 -1 2 3
A~3 -1 4 2|~|l0 2 -2 -7|~l0 2 -2 -7[~]0 1 -1 -7/2].
7 -1 8 0 0 6 -6 -21 0 0 0 O 0 0 O 0

Since there are two nonzero rows in the row-echelon form of A, it follows that rank(A) = 2.
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Here we define a special type of row-echelon matrices, called reduced row-echelon matrices.

Definition 2.28: Reduced row-echelon matrix

An m x n matrix is called a reduced row-echelon matrix if it is a row-echelon matrix and any column that

contains a leading 1 has zeros everywhere else.

Reduced row-echelon matrices are different than normal row-echelon matrices, that an m x n matrix is row-

equivalent to a unique reduced row-echelon matrix.

2 1 -1 3
-1 2 1 ) .
Example 2.29. We want a reduced row-echelon form of A = . Having computed its row-
-4 -7 1
2 0 1 3
1 -1 2 1
0 1 -6 -4 .
echelon form , we want to reduce the second and third column. We try apply A4s;1(1) to
0 0 1
0 0 0 O
1 0 -4 -3 1 0 01
.01 -6 -4 {01 0 2 .. .
obtain , then apply As1(4), A32(6) to obtain , finishing the reduction.
0 0 1 00 11
00 0 O 0 0 0O

2.5 Gaussian Elimination

We now illustrate how elementary row operations applied to the augmented matrix can be used to determine

whether the system is consistent, and if the system is consistent, to find all of its solutions.

Definition 2.30: Gaussian elimination

The process of reducing the augmented matrix A* to row-echelon form and then using back substitution
to solve the equivalent system is called Gaussian elimination. The particular case of Gaussian elimination
that arises when the augmented matrix is reduced to reduced row-echelon form is called Gauss-Jordan

elimination.

-----------------------------------------------------------------------------------

Example 2.31. We want to use Gauss-Jordan elimination to determine the solution set to

Il—l’g—5Z3:—3
3r1+2x9—3x3=5

2371 —5(153 =1
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To do this, we first reduce the augmented matrix of the system to reduced row-echelon form, as follows:

1 -1 -5 -3 1 -1 -5 -3 1 -1 -5 -3
3 2 -3 5]|~|0 5 12 14f~f0 1 2 0

1 -1 -5 -3 1 -1 0 32 1 0 0 18
~10 1 2 O0]~(0 1 0 -14(~]0 1 0 -14{.
0o 1 7 001 7

The augmented matrix is now in reduced row-echelon form. The equivalent system is

351:18
I2:—14
.133=7

The solution can be read off directly as (18,-14,7).

(e
o
—
\]
(e
R R R R .

-

Now we try to derive the theory for the solution sets of system of equations. Theoretical alert (proof omittable).

Theorem 2.32: Solution sets of system of equations

Lemma 2.32.1

Consider the m x n linear system Az = b. Let A” denote the augmented matrix of the system. If

rank(A) = rank(A%) = n, then the system has a unique solution.

Proof. If rank(A) = rank(A*) = n, then there are n leading ones in any row-echelon form of A, and
hence, back substitution gives a unique solution. Note that rank(A) < rank(A#), thus, there are only two
possibilities: rank(A) < rank(A#) or rank(A) = rank(A#). O

Lemma 2.32.2

Consider the m x n linear system Az = b. Let A* denote the augmented matrix of the system. If

rank(A) < rank(A#), the system is inconsistent.

Proof. If rank(A) < rank(A#), then there will be one row in the reduced row-echelon form of the aug-
mented matrix whose first nonzero element arises in the last column. Such a row corresponds to an
equation of the form

0{1}1 + 0.%'2 + ...+ OCCn = 1,

which has no solution. Consequently, the system is inconsistent. O

22



2.5 Gaussian Elimination stanle

Lemma 2.32.3

Consider the m x n linear system Az = b. Let A* denote the augmented matrix of the system and let
r# = rank(A#). If r# = rank(A) < n, then the system has an infinite number of solution, indexed by

n —r# free variables.

Proof. Any row-echelon equivalent system have only r# equations involving the n variables, so there will
be n - r# > 0 free variables. Assigning arbitrary values to these variables results in the uniqueness of the
remaining r* variables from back substitutions. Since the free variables can each assume infinitely many

values, there are an infinite number of solutions to the system. O

Now we can formalize the theorem regarding the theory of linear equation systems. Consider the m x n
linear system Az = b. Let  denote the rank of A, and let # denote the rank of the augmented matrix of the

system. Then,

(1) Ifr <r#, the system is inconsistent;
(2) if r = r#, the system is consistent, and

(a) There exists a unique solution if and only if # = n, and

(b) there exists an infinite number of solutions if and only if 7# < n.

Now we turn our attention to homogeneous linear systems. Trivially, we see that the homogeneous linear system
Az = 0 has at least one solution: z = 0. In fact, it is sometimes referred to as the trivial solution. Hence, we can
conclude that all homogeneous linear systems are consistent for any coefficient matrix A.

However, a homogeneous system can have more than one solution. Particularly, a homogeneous system of m linear
equations in n unknowns, with m < n, has an infinite number of solutions. This can be shown by the fact that

r =r# <m < n for a homogeneous systems.

0 2 3
Example 2.33. We want to determine the solution set to Az = 0if A=|0 1 -1|. Note that the first
0 3 7

column is zero, so we set up the augmented matrix

02 3 ol Jo 100
A* =10 1 -1 o|~|lo 0 1 0
03 7 ofl lo oo o

The equivalent system is x5 = 0, x3 = 0. Since x; does not occur, it is a free variable and the solution set to

the system is therefore S = {(¢,0,0) : t e R}.
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2.6 The Inverse of a Square Matrix

Consider the situation when, for a given n x n matrix A, there exists a matrix B satisfying
AB=1, BA=1I,.
And yes, such B does exist, and it is the inverse of A.
Theorem 2.34: Uniqueness of inverse
Let A be an n x n matrix. Suppose B and C are both n x n matrices satisfying
AB=BA=1, AC=CA=1I,.
Then, B =C.

Proof. Consider C = CI,, = C(AB). It follows that

C=C(AB)=(CA)B=1,B=B.

Definition 2.35: Invertible matrices
Let A be an n x n matrix. If there exists an n x n matrix A~! satisfying
AA Y =AA=1,,
then we call A~! the matrix inverse to A. We also say that A is invertible if A~! exists. Invertible matrices

are sometimes called nonsingular, while noninvertible matrices are sometimes called singular.

Theorem 2.36
If A~! exists, then the n x n system of linear equations

Az =b

has the unique solution
z=A"b

for every b e R™.

Proof. We can verify by direct substitution that = A™'b is a solution to the linear system. Regarding the

uniqueness of the solution, observe that for any solution z; to the system Ax = b,

AfL’l =b=> X1 = Ailb.

24



2.6 The Inverse of a Square Matrix stanle

Theorem 2.37

An n x n matrix A is invertible if and only if rank(A) = n.

Proof. If A™! exists, then any n x n linear system Az = b has a unique solution. Hence, it is implied that
rank(A) = n. Conversely, suppose rank(A) = n. Consider ej,es,...,e, as the column vectors of I,,. Since
rank(A) = n, each of the linear systems

A.’L'Z' =€

has a unique solution x;. Consequently, letting X = [SC17CC27 . xn], where x1, o, ..., x, are the unique solutions

of Ax; = e;, gives the following equality:
A[ml,xg, ,xn] = [ACCl,A{L‘Q, ...,Axn] = [617627 _,_7(3”] = AX=1,.

We claim that X A = I,,. That is,
(AX)A=A= A(XA-T1,)=0,.

We must also show that XA - I,, =0,,. Let y1, y2, ..., y, denote the column vectors of the n x n matrix XA - I,,.

Equating corresponding column vector on A(X A - I,,) = 0,, implies
Ayi =0.

By assumption, rank(A) = n, so each of the systems has only the trivial solution. Consequently, each y; is the
zero vector, implying X A - I,, = 0,,. Therefore,
XA=1I,.

Having shown AX = I,, and X A = I,,, we can now conclude, by definition, that X = AL, O

Corollary 2.38
Let A be an n x n matrix. If Az = b has a unique solution for some column n-vector b, then A~! exists.
Proof. If Az = b has a unique solution, then rank(A) = n, hence A™! exists. O

An effective method of finding A™! is the Gauss-Jordan technique. The proof of the method is omitted here.
Essentially, to find the inverse of A, create the n x 2n matrix [ A In] and reduce A to I, using elementary row

operations. Schematically,

(A4 L]~ ~[n 4]
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1 1 3
Example 2.39. We wantto find A1if A=[0 1 2 [. We do this through the Gauss-Jordan technique:
3 5 -1
11 3 1 0 0 1 1 3 1 0 0 1 0 1 1 -1 0
0 1 0 oj~fo 1 2 o0 1 0j~f0 1T 2 0 1 0
3 5 -100 1] [0 2 -10 -3 0 1 0 0 -14 -3 -2 1
11 8 1
101 1 -1 0 L 00 ¢4 -% 1
~ ~ 3 5 1
012 0 1 0 010 -2 = =
3 1 1 31 1
001 35 7 -1 001 575 % -1
Consequently,
11 -16 1
1
Al |
11 6 10 2
3 2 -1

Example 2.40. Continuing the previous example, we can use A~! to solve the system

$1+£L’2+3$3=2
I2+2133:1

3r1+bro—x3=4

2
Consider the system as Az = b, where b = | 1.

4
x = A™1b. Thus, we have, from the previous example, that

Since A is invertible, the system has a unique solution

1 -16 12| |2

1 3
w=7|-6 10 2 |[1]=[3]
32 -1f|4] |2

Consequently, z1, x2, x5 = (5/7,3/7,2/7).
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We now present some properties of the inverse.

Theorem 2.41

Let A and B be invertible n x n matrices. Then

(1) A-lisinvertible, and (A71)7! = A.

(2) ABisinvertible, and (AB)™! = B1A™L

(3) AT isinvertible and (A7) = (41T,

Proof. For (1), we have A~ A = AA™! = I,, from the definition.

For (2), (AB)(B A™') = A(BB"\)A™' = AA™' =1, (B'A))(AB) = B"Y(A'A)B=B'B=1,.
For (3), AT(A™)T = (A1 A)T =17 = I,,, (A1) TAT = (AA )T = [T = ],,. 0

2.7 Elementary Matrices and the LU Factorization

Definition 2.42: Elementary matrices

Any matrix obtained by performing a single elementary row operation on the identity matrix is called an

elementary matrix.

In particular, an elementary matrix is always a square matrix. There are three types of matrices, corresponding to

the three types of elementary row operations: P;;, M;k, A;;(k).

Example 2.43. In this example, we write all 2 x 2 elementary matrices.

(1) Permutation matrix: Pjo

(2) Scaling matrices: M (k)
0 k

0 1 0
M (k) - [ ]
. 1 0 1 k
(3) Row combinations: A;s(k) = l l, Ao (k) = l l
k1 0 1

More generally, the n x n elementary matrices have the following structure:

P;; have ones along the main diagonal except for (7,¢) and (j,j), ones in the (¢, j) and (j,4), and zeros elsewhere.
M; (k) is the diagonal matrix diag(1,1,...,k,...,1), where k appears in the (4,7) position.

A;;(k) have ones along the main diagonal, & in the (j,7) position, and zeros elsewhere.

It is important to note that premultiplying an n x p matrix A by an n x n elementary matrix E has the effect of

performing the corresponding elementary row operation on A.
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Example 2.44. We want to determine the elementary matrices that reduce A =
1

3
] to row-echelon

form. To do so, we can reduce A to row-echelon form with

LR SR

The row operations used here is Py, A15(-2), M3(-1/5). Consequently,
1 4
0 1|

Since elementary row operation is reversible, it follows that each elementary matrix is also invertible. We have:

M>(-1/5)A12(-2)P12(A) =

M;(k)™" = M;(1/k)  Pj' =Py Aij(k)™" = Ay (k).
Considering the invertible n x n matrix A. We have the following transformation:
EyEp1..FsF1A=1,= At =FE.E;_1..EsF;
A=(AY ' =E'E LB

Now we discuss the LU decomposition. L stands for lower triangular, and U stands for upper triangular. We start

with an example.

2 5 3
Example 2.45. We want to use elementary row operations to reduce A=| 3 1 -2| to upper triangular
-1 2 1

form. Here we only use the type 3 elementary row operations, as follows:

2 5 3 2 5 2 2 5 3
3 1 -2|~|0 - -Bl~fp -1 _13}

2
9
-1 2 1 0 3
Here, we used A15(-3/2), A15(1/2), A23(9/13).
When using elementary row operations of type 3, the multiple of a specific row that is subtracted from row i to

put a zero in the (¢, j) position is called a multiplier, denoted m,;. Therefore, in the preceding example, the three

multipliers are
mo1 = 3/2, ms1 = —1/2, mso = —9/13.

Not all matrices can be reduced to upper triangular form using only row operations of type 3. However, we restrict
our attention to invertible matrices A for which the reduction to upper triangular form can be accomplished only

by row operations of type 3. In terms of elementary matrices, we have

EyEpr...FoaFyA=T,
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where Ey, Fx_1,..., E2, B are lower triangular type 3 elementary matrices and U is an upper triangular matrix. We

then have

A=E'Ey'  E;'U=LU.

Here, L = E;'E;* . E;*. As all E; are lower triangular, L is also lower triangular. Furthermore, this LU factorization

is unique.
2 5 3
Example 2.46. We want to determine the LU factorizationof A=| 3 1 -2|. Having already computed
-1 2 1
2 5 3
- 13 _13
U=|0 -3 -3 , we have
0 0 -2
L=E{'Ey'E5',
hence the multipliers become useful here. We have
- 3 - -
Ef'= A12(2—) Byl = A13(-1/2)  E3' = As3(-9/13).
Substituting these results gives
1 0 0
| 3
L=|3 1 o0
1 9
-3 ~13 1

The LU decomposition can be used to solve the n x n system of linear equation Az = b. Consider A = LU, the system

becomes

LUx =b.
We can then separate the system into two systems:
Ly=b Uz=y.

The first system can be solved by forward substitution to get y, and the second system can be solved by backward
substitution to get x.
The LU decomposition is not mentioned or used in other sections of the book (plus solving linear systems with LU

is generally slower than using Gaussian elimination), so we will skip its example.
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2.8 Invertible Matrix Theorem I

We now present perhaps the most important theorem of this book: the baby Invertible Matrix Theorem. Although

it has six statements, it is still the "baby" version of the invertible matrix theorem, which will be discussed in section

4.10.

Theorem 2.47: Invertible matrix theorem I

Let A be an n x n matrix. The following conditions on A are equivalent:

(a)
(b)
(©
(d)
(e)
63

A is invertible.

The equation Az = b has a unique solution for every b € R™.
The equation Ax = 0 has only the trivial solution « = 0.
rank(A) = n.

A can be expressed as a product of elementary matrices.

A is row-equivalent to I,,.

Proof. The equivalence of (a)(b)(d) has been established in section 2.6. The equivalence of (a)(e) has been

established in section 2.7.

Now we establish (b) implies (c) implies (d).

Assuming that (b) holds, we can conclude that the linear system Ax = 0 has a unique solution: the trivial solution

2 = 0. Hence, this is the unique solution, implying (c).

Assume that (c) holds, Az = 0 has one trivial solution implies that reducing A to row-echelon form gives no free

variables. Thus, every column and every row of A contains a pivot, meaning that the row-echelon form of A has

n nonzero rows. That is, rank(A) = n, implying (d).

Now we establish (e) implies (f) implies (a).

Assuming that (e) holds, we can multiply I,, by a product of elementary matrices to obtain A, meaning that A is

row-equivalent of I,,, implying (f).

Assuming that (f) holds, A is row-equivalent to I,,. Then, we can write A as a product of elementary matrices,

each of which is invertible. Since a product of invertible matrices is invertible, we conclude that A is invertible,

proving (a).
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3 Determinants

The determinant is a number, associated with an n x n matrix A, whose value characterizes when the linear system

Az = b has a unique solution.

3.1 The Definition of the Determinant

We begin with the special casesn=1,n =2, and n = 3.
Case 1: n=1. Fora 1 x 1 matrix A = |:a11:|5
det(A) =a11

The matrix A is invertible if and only if rank(A) = 1 and inly if det(A) is nonzero.

Case 2: n=2. The2x2matrix A= | "' “?|is invertible if and only if rank(A) = 2, if and only if the row-echelon
azy Qg2

form of A has two nonzero rows. Given that aq; # 0, we can reduce A as follows:

a1 a2 ail @12

~

a1 Ao 0 agp — 222

ail

For A to be invertible, ajja2s — ajaaz; # 0. Thus, it is necessary that the 2 x 2 determinant, det(A), defined by
det(A) = aj1a92 — a12a21

is nonzero.
a1 aiz2 ais

Case 3: n = 3. The 3 x3 matrix A = |ay; a9e aos| is invertible if and only if rank(A) = 3. Reducing A to
azy Gz 433
row-echelon form as in case 2, it is necessary for the 3 x 3 determinant defined by
det(A) = a11a22a33 + 1202331 + A13021G32 — 411023032 — A12021033 — 013022031

is nonzero.

To generalize for nxn matrix A, we inspect each case in terms of their structure. Each determinant consists of a sum
of n! products, where each product term contains one element from each row and each column of A. Furthermore,
each possible choice of one element from each row and each column occur as a term of the summation. Each term is
assigned a plus or a minus sign. To tackle this, we introduce the concept of permutation. Computing determinants

based off permutation isn’t my favorite method, so I will only touch on it.

Definition 3.1: Permutation

Consider the first n positive integers 1,2,3,...,n. Any arrangement of these integers in a specific order is

called a permutation. There are n! distinct permutations of the integers 1,2, ..., n.

The pair of elements p; and p; in the permutation (pi,ps,...,p,) are said to be inverted if they are out of their
natural order. That is, if p; > py with ¢ < j. We say that (p;, p,) is an inversion. Denote N (p1,p2, ...,p,) as the total

number of inversions in the permutation (p1, pa, ..., pn)-
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Definition 3.2: Parity

If N(p1,p2,...,pn) is an even integer, then the permutation is even, and (p1, ps, ..., pn ) has even parity.
If N(p1,p2,...,pn) is an odd integer, then the permutation is odd, and (p;, p2, ..., p, ) has odd parity.

Denote o (p1,pa, ..., pn) = (=1)NP1P20Pn) 5 = 41 if the permutation is even, o = —1 if it is odd.

Definition 3.3: Determinant

Let A= [aij] be an n x n matrix. The determinant of A, denoted det(A), is defined as follows:

det(A4) = o (p1,p2, oy Pn) A1, 2,03, On,

where the summation is over the n! distinct permutations (p1, ps, ..., pn) of the integers 1,2,3,...,n. The
determinant of an n x n matrix is said to have order n.

We sometimes denote det(A) by

aip aiz ... Qin
a1 as2 cee a2n
an1  ap2 e Qpn

Geometrically, the cross product of two vectors in R? can be represented as
ik
axb= a; ag asl|= (agbg—agbg)’i—f-(agbl —albg)j+(a1b2—agbl)k.

by by b

Theorem 3.4
The area of a parallelogram with sides determined by the vectors a = ayi + axj and b = byi + boj is

A= det(4)],

where A =

ay a2

bi by l

The volume of a parallelepiped determined by the vectors a = ayi+agj+ask, b = byi+bsj+bsk, c = cri+caj+csk
is

V = [det(4)],

ay ag ag
where A=[b; by b3l

i C2 (3

Proof. The area of the parallelogram is A = bh = ||a|h = |a|||b] siné = |a x b|. Since the k components of a and b

are both zero, substitution yields

A= H(a162 - CLle)kH = ‘albg - a2b1| = |det(A)|
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Similarly, the volume of the parallelepiped is V = bh = |b x ¢|h = |b x c|||a]|cos 3| = |b x ¢|||a - n|, where n is a unit

vector that is perpendicular to the plane containing b and c¢. We now have
Vo= oxclfalllcosd| =fa-(bxc)]
= |(a1i + G,Qj + (ng) . [(bgCg - bgcg)i + (bgCl - blcg)j + (blcg - bQCl)k:H

= |a1(b203 - bgCQ) + ag(bgcl — b163) + ag(blcg — b201)|

= [det(A)|.

3.2 Properties of Determinants

For large values of n, evaluating a determinant of order n using the definition given in the previous section is not very
practical. (Well, for me, evaluating a determinant of order 2 using that ugly definition is already not very practical

1)) In the next sections, we develop alternative techniques (like real techniques) for evaluating determinants.

Theorem 3.5

If Ais an n x n upper or lower triangular matrix, then

n
det(A) =(111022033...Anpn = H A -
=1

Proof. Consider det(A) = Y o(p1,p2, ...,pn)alp1 az,, .--An, If A is upper triangular, then a;; = 0 whenever i > j,
and the only nonzero terms in the preceding summation are those with p; > i for all . Since all the p; must be

distinct, the only possibility is p; = i, so the above equation reduces to

det(A) = 0'(1,2, ...77’1)0,110,22...&””.

Since 0(1,2,...,n) = 1, it follows that
det(A) =Qa11092...0pp -

The proof for the lower triangular matrices is analogous to the proof above. O

Now we turn our attention to the change of determinant from different operations: matrix algebra, elementary row

operations, and more. We first let A be an n x n matrix, and discuss the elementary row operations case by case.
Get the theoretical train honking.

33



3.2 Properties of Determinants stanle

(1) If B is the matrix obtained by permuting two rows of A, then

det(B) = —det(A).
Proof. Let B be the matrix obtained by interchanging row r and row s in A. Without the loss of generality,

assume r < s. Then the elements of B are:
bij=aiifi*rs, by=agifi=r, bj=ayifi=s.
Thus, from the definition,

det(B) = Zo(pl, cees Dy ooy Py ...,pn)blp1 by, b, by
= Za(pl, ooy Dry ooy Py ...,pn)alp1 gy Oy Oy,

=~ ZO’(M, w9y Psy ey Pry --~;pn)a1,,1 coQpy, Qg Ap,

Note that interchanging p, and p, in o has the effect of changing the parity of the permutation. Note that
the sum on the right-hand side of this equation is det(A), so that

det(B) = —det(A).

(2) If B is the matrix obtained by multiplying one row of A by any scalar k, then

det(B) = kdet(A).
Proof. Let B be the matrix obtained by multiplying the i-th row of A through by any scalar k. Then
b;; = ka;; for each j. Then

det(B) = > a(p1, oy Db, b,

= Za(pl, ...,pn)alp1 ...(k:aim )eeln,
= kdet(A).

(3) If B is the matrix obtained by adding a multiple of any row of A to a different row of A, then

det(B) = det(A).
Proof. Note that (6) and (8) are necessary for the proof.

T
Let A= [ah as, ..., an] , and let B be the matrix obtained from A when & times row j of A is added to row
1 of A. Then

T
B:[al,az,...,ai+k:aj,...,an] .
Using (6),
T T T
det(B) = det([al’ag, w0+ kaj, ,,,7an:| ) = dEt([ahag, ""a”] ) + det([al,aQ, ., kaj, ...,an] ) .

Here, rows ¢ and j of the second matrix are multiplies of one another, and so by (8), the value of the

second of ther second determinant is zero. Thus,

det(B) = det([al,ag, a]T) _ det(A).
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(4) For any scalar k& and n x n matrix A, we have
det(kA) = k"det(A).
Proof. Apply (2) to each row of the n x n matrix A. O
(5) det(AT) =det(A).

Proof. det(A”) =Y o(p1,..sPn)apy1---p, n- Since (p1,...,p,) is a permutation of 1,2, ..., n, it follows that

Qp,1---Ap,n = alq] ...anqn,

for appropriate values of ¢, ..., ¢,. Furthermore,

N(p1,-0n) = N(aq15 -, Gn) = 0(p1, s Pn) = 0(q1, -, Gn)-

Substituting gives
det(A") = > o(a, ey Qn)@1,, -y, = det(A).

O
(6) Letas,as,...,a, denote the row vectors of A. If the i-th row vector of A is the sum of two row vectors, say
a; = b; + ¢;, then det(A) = det(B) + det(C'), where

ay a1
i1 -1

Giv1 Qi1

| On | | On |

The corresponding property is also true for columns.

Proof. The elements of A are
Qfj = Ak ifk¢’i, akj:bkj+ckj if k=1.
Thus,

det(A4) = o(p1, ey D)1, Gy,
= Z a(p1, ...,pn)alp1 "‘(bim +eiy, )oeln,
= Za(ph oy Pn)a1,, by, e, + Za(pl, ...,pn)alpl iy e,
=det(B) + det(C).

(7) If Ahasarow (or column) of zeros, then det(A) = 0.

Proof. Since each term in det(A) contains a factor from the row (or column) of zeros, each terms is zero.

Hence, the det(A), the sum of the factors, is also 0. O
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(8) If two rows (or columns) of A are scalar multiplies of one another, then det(A) = 0.

Proof. Assuming the rows and columns of A are all nonzero, and suppose rows ¢ and j are scalar multiples
of each other. More precisely, suppose that row j is j times row 4 for some k # 0. Let A’ denote the matrix
obtained by multiplying row ¢ of the matrix A by k. By (2), det(A’) = kdet(A). For A’, row i and row j
are identical. If we interchange these rows, the matrix is unaltered, but according to (1) the determinant

of the resulting (unchanged) matrix is —det(A"). Therefore,

det(A’) = ~det(A') = det(A’) = 0.

(9) det(AB) =det(A)det(B).
Proof. Let E denote an elementary matrix. Note that det(F) = -1 if F permutes rows, det(FE) = +1 if
adds a multiple of one row to another row, and det(E) = k if FE scales a row by K. Then, in each case,
det(FA) = det(E) = det(A). Now consider two cases.
Case 1. If A is not invertible, then AB is also not invertible. Consequently, det(AB) = 0 = det(A)det(B).
(This theorem will be covered later.)
Case 2. If A is invertible, then A = E1 F»...E,.. It follows that

det(AB) = det(E1 Es...E,. B) = det(F; )det(Fs...E,.B)
= det(E)det(FEy)...det(E,)det(B)
= det(E, Es...E,)det(B)
= det(A)det(B).

(10) If A s an invertible matrix, then det(A) # 0 and det(A™") = g7y

Proof. Since A is invertible, det(A) # 0. We can write AA™! = [,,. Recalling that det([,,) = 1, using (9)

gives
1
det(A)’

det(A)det(A™) = det(I,,) = 1 = det(A™) =

Note that for (9) and (10), we used a theorem that wasn’t covered.

Theorem 3.6

Let A be an n x n matrix. Then, A is invertible if and only if det(A) # 0.

Proof. Let A* denote the reduced row-echelon form of A, and note that A is invertible if and only if A* = I,.
Since A* is obtained from A by a sequence of elementary row operations, (1)(2)(3) together imply that det(A)
is a nonzero multiple of det(A*). If A is invertible, then det(A*) = det(l,,) = 1, so that det(A) # 0.

Conversely, if det(A) # 0, then det(A*) # 0. This implies that A* = I,,, so A is invertible. O
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As the linear system Ax = b has unique solution for every b € R™ if and only if A is invertible, the above theorem
tells us that the system has a unique solution z if and only if det(A) # 0. For the homogeneous n x n linear system

Az = 0, the system has an infinite number of solutions if and only if det(a) = 0, and has only the trivial solution if

and only if det(A) # 0. More details will be covered in the invertible matrix theorem.

3.3 Cofactor Expansions

The underlying idea of cofactor expansion is that we can reduce a determinant of order n to a sum of determinants
of order n—1. Repeating the process makes it possible to express any determinant as a sum of determinants of order

2. Before getting into the details of cofactor expansion, it is necessary to define minors and cofactors.

Definition 3.7: Minor

Let A be an n x n matrix. The minor, M;;, of the element q;; is the determinant of the matrix obtained by

deleting the i-th row vector and j-th column vector of A.

a11 ai2 ais

Example 3.8. For A=]ay; ags ags|, we have Mg =

azyp asz ass

Definition 3.9: Cofactor

ail

a3

a12

ai2

and Ms; =

a32

a22

Let A be an n x n matrix. The cofactor, C;;, of the element a,; is defined by

Cij = (-1)™ My,

where M;; is the minor of a;;.

From the above definition, we see that the cofactor of a,; and the minor of a;; are the same if ¢ + j is even, and they

are opposite if 7 + j is odd. The appropriate sign alternates as follows:

+

a1 a2 ais

Example 3.10. For A=]as; agy ag3|, Wwe have Cog = -

asz1 asz as3

+
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ai2

a32
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and 031 =

a22
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Theorem 3.11: Cofactor expansion theorem

Let A be an n x n matrix. If we multiply the elements in any row (or column) of A by their cofactors, then

the sum of the resulting products is det(A). Thus, expanding along row 4 or column j gives

det(A) = Z aijCik = Z aijkj.
k=1 k=1

Proof. Consider det(A) = a;; Ci1 +a;2Cis + ... + ainCin, where the coefficients C“Z-j contain no elements from row
i or column j. WE must show that

Cij = Cyj,
where Cj; is the cofactor of a;;.

Consider first ;1. From the original definition, the terms of det(A) that contain a;; are given by

aii Zo—(lvp% ~~~7pn)a2p2 ...anpn,

where the summation is over the (n — 1)! distinct permutations of 2,3, ...,n. Thus,

CA(ll = ZU(I,pQ, ---7pn)a2p2 cQpy,

However, this summation is just the minor Mj;. Since Cy; = M7;, we have shown that the coefficient of a;; in
det(A) is indeed the cofactor C;.

Now consider the element a;;. By successively interchanging adjacent rows and columns of A, we can move a;;
into the (1,1) position without altering the relative positions of the other rows and columns of A. Denoting the
resulting matrix as A’, obtaining A’ from A requires ¢ — 1 row interchanges and j — 1 column interchanges, so

the total number of interchanges required to obtain A’ from A is i + j — 2. Consequently,
det(A) = (-1)"*2det(A") = (1) det(4").

The coefficient of a;; in det(A) must be (-1)"*/ times the coefficient of a;; in det(A4’). As a;; occurs in the
(1,1) position of A’, its coefficient in det(A") is M7,. Since the relative positions of the remaining rows in A has
not altered, it follows that Mj; = M;;, and therefore the coefficient of a,; in det(A’) is M;;. Consequently, the
coefficient of a;; in det(A) is (-1)"*/ M;; = C;;. Applying this result to each elements gives

Cij = Cyj,

which established the theorem for expansion along a row of elements a;1, a;s, ..., a;,. The result along a column
follows directly as det(A”) = det(A). O
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2 1 8 6
4 1 3
Example 3.12. We want to evaluate . To do so, we
-1 2 1 4
1 3 -1 2
2 1 8 6/ [0 -7 6
-7 6 0 -7 6 0
1 4 1 3 1 4 1 3 -7 6
= =-{6 2 T7|=-|-1 -12 0 |= =90.
-1 2 1 4 0 6 2 -1 -12
-1 -2 -1 -1 -2 -1
1 3 -1 2 0o -1 -2 -1

Some short commentary: the first step reduces the first column, then we used cofactor expansion along
column 1. Then for the order 3 determinant, reducing the third column and using cofactor expansion along

column 3 gives an order 2 determinant, which can be calculated with ease.

Now we introduce the adjoint method for finding the inverse of A, as a corollary to the cofactor expansion theorem.

Corollary 3.13

If the elements in the i-th row (or column) of an n x n matrix A are multiplied by the cofactors of a different

row (or column), then the sum of the resulting products is zero. That is,

n n
Z aiijk =0 Z aMC’kj =0 1#].
k=1 k=1

Proof. We prove the first equation. Let B be the matrix obtained from A by adding row i to row j in matrix A.

We know that det(B) = det(A), and cofactor expansion of B along row j gives

det(A) = det(B) = Z(ajk + aik)Cjk = Z ajijk + Z aiijk
k=1 k=1

k=1
This gives
det(A) = det(A) + Z aiijk,
k=1
and the corollary follows immediately. The second equation can be proven by similar manner. O

Definition 3.14: Adjoint

If every element in an n x n matrix is replaced by its cofactor, the resulting matrix is the matrix of cofactors,
denoted as Mc. The transpose of the matrix of cofactors, M, is called the adjoint of A and is denoted
adj(A). The elements of adj(A) are

adj(A); = Cji.
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6 -1 O
Example 3.15. Consider A=[2 -2 1 |. The cofactors of A are
3 0 -3

C11=6,C12=9,C13=6,C21 = -3,Ca2 = -18,Ca3 = =3,C31 = =1,C32 = =6, C33 = =10

Thus, we have

6 9 6 6 -3 -1
Mc=]-3 -18 -3 |=adj(4)=[9 -19 -6
-1 -6 -10 6 -3 -10

Theorem 3.16: The adjoint method

If det(A) # 0, then

- 1 .
A Lo madj(A)

Proof. Let B = g5y et( 7y adj(A). It suffices to show that AB = I,, = BA. Using the index form of the matrix product,
we have

n

AB 7 b 7 3 C = 5i N
( Za’kkj Zaj d ) J( )k] dt(A)klak Jk J
Here, the last step uses the corollary
Z aiijk = 6ijdet(A) Z a;ﬂij = 6ijdet(A).
k=1 k=1
The statement that BA = I,, can be proven analogously. O

At last, we introduce Cramer’s rule, which is a very useful tool to solve n x n systems of equations.

Theorem 3.17: Cramer’s rule

It det(A) # 0, the unique solution to the n x n system Az = b is (z1,x9, ..., 2, ), where

det(B
Ly = det((A’“)), k=1,2,...n,
where
ail a12 b1 e Q1p
Bk: a1 ag9 bg e Q9p
Ap1 QApa . bn . Qpn
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Proof. If det(A) # 0, then the system Az = b has the unique solution

z=A"b,
where, from the adjoint method, we have
_ L adicay
= der(A) 2V
Here, letting
X1 bl
b
v = Z2 b= 2 7
T, by,

and using adj(A);; = Cj; gives

n 1
=S (A =1,2,...,n.
Tk ;( )kibi z det(A)adJ A) i d t(A) Zczkbu k gLy ey M

The right-hand sum is exactly the cofactor expansion of det( By ), so we arrive at the conclusion that

det(By)

k=12 ..n.
det(A) ’ 1Lt

T =

O
Again, Cramer’s rule requires more work than the Gaussian Elimination method and only works for n x n systems

whose coefficient matrix is invertible. I will not present an applicational example here.
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4 Vector Spaces

Suppose we wish to find solutions to the differential equation 3’ = 2y = 0. The results can be expressed in the form
y(x) = ce™* for some constant c. Similarly, (in chapter 8) we will know that every solution to the homogeneous
second-order differential equation y” + a1y’ + agy = 0 has the form y(z) = c1y1(z) + coy2 ().

The theory underlying the solution to a linear differential equation and the theory underlying the solution of linear
equations can be considered as special cases of solving linear problems.

We begin developing the way of formulating linear problems in terms of abstract set of vectors V.

4.1 Vectors in R”

A geometric vector can be considered as a directed line segment with a magnitude (length) and a direction.
Vectors are nice, that they follow certain properties. Namely, the commutative property =z + y = y + x and the
associative property x + (y + z) = (z + y) + z. Additively, the existence of the zero vector x + 0 = z and the additive
inverse = + (—z) = 0 together forms the fundamental properties of vector addition.

For scalar multiplications of vectors, define kx as the vector with magnitude |k|z and direction dependent on k.
Vectors also follow multiplicative properties, such as the associative property (st)x = s(tz), the distributive property
r(z+y)=rx+ryand (s+t)x = sx +tx, as well the existence of the one scalar 1z = x.

Now consider the components of the geometric vector v € R". As a natural extension of addition and scalar

multiplication, the following properties hold true in R" for all v = (21,2, ...,x,) and y = (y1,Y2, .., Yn) *
v+w=(T1+ Y1, T2 + Y2y ey Tny + Yn)

kv = (kx1, kxa, ..., kxy,)

4.2 Definition of a Vector Space

Definition 4.1: Vector space

Let V be a nonempty set whose elements are called vectors. Consider an addition operation and a scalar

multiplication operation. V is a vector space over f if the following conditions are satisfied:

(a) Closure under addition. For u,ve V,u+veV.

(b) Closure under scalar multiplication. For u € V and k € R, ku e V.
There are actually more conditions to the vector spaces, but often times showing closure will suffice.

Example 4.2: Examples of vector spaces.
(1) R™ and C", the real/complex vector space of real/complex numbers.
(2)  M,xn(R), the real vector space of all m x n matrices.

3 Ck(I ), the vector space of all real-valued functions that are continuous and is k-times differentiable

on an interval.
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(4) P,(R), the vector space of all real-valued polynomials of maximum degree of n with real coefficients,

2

ie., P,(R) = {ao +a1x+ax’ +...+a,x" tag,al, ...,y € R}.

4.3 Subspaces

Consider a subset of vectors from an appropriate vector spaces. This raises a key question, that whether this subset

of vectors is a vector space in its own right.

Definition 4.3: Subspace

Let S be a nonempty subset of a vector space V. If S is itself a vector space under the same operations of

addition and scalar multiplication as used in V, then S is a subspace of V.

Theorem 4.4

Let S be a nonempty subset of a vector space V. S is a subspace of V if and only if S is closed under the

operations of addition and scalar multiplication in V.

Proof. We prove the forward direction first. If S is a subspace of V, then it is a vector space, so it is closed
under addition and scalar multiplication by definition. Conversely, assume that S is closed under addition and
multiplication. Since we use the same operations in .S as in V, the vector space axioms are inherited from V' by

the subset S, so S is a subspace of V. O

Example 4.5. LetV =R? andlet S; = {(z,2 1) :z € R}, S5 = {(x,2?) : z ¢ R}. We want to show if S; and
S, are subspaces of V. We easily know that S; is not a subspace of V' by the zero vector check. Although
Sy satisfies the zero vector check, it is not closed under addition. Consider x = (z1,22),y = (y1,y2), and

x,y€Sy. w+y= (1 +y1, 25 +y3) ¢ Sa.
Theorem 4.6
S ={0} is a subspace V if Sc V.

Proof. S is nonempty, and it is trivial that S is closed under addition and scalar multiplication. O

Definition 4.7: Null space

Let A be an m x n matrix. The solution set to the corresponding homogeneous linear system Ax = 0 is the

null space of A, and is denoted nullspace(A), i.e.,

nullspace(A) = {z: Az =0} .

We now show the connection between differential equations and vector spaces.
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Theorem 4.8
The set of all solutions to the homogeneous linear differential equation
y" +a1(x)y’ +az(z)y =0
on an interval I is a vector space.

Proof. Let S denote the set of all solutions to the given differential equation, a nonempty subset of C?([I).

Assume y1,y2 € S, k € R. Then,
yi +ar(x)y) +az(x)y1 =0 yg +ay(2)yy +az(x)y2 = 0

Now, if y(x) = y1(x) + y2(z), then ¢y + a1y’ + a2y = (y1 + y2)" + a1 (y1 +y2)' + az(y1 +y2) = 0.
Also, if y(x) = ky1(z), then " + a1y + asy = (ky1)” + a1 (ky1)' + az(ky1) = 0.

As S is closed under addition and scalar multiplication, S is a subspace of C?(I). O

4.4 Spanning Sets

Before introducing spanning sets, we explain the concept of a linear combination of vy, va, ..., vg, the most general

way in which we can combine the vectors vy, vs, ..., v € V:
V=071 +CUg + ... + CLVE,
where ¢y, ¢a, ..., ¢}, are scalars.

Definition 4.9: Spanning sets

If every vector in a vector space V' can be written as a linear combination of vy, v, ..., vk, then V is spanned

or generated by vy, vs, ..., v, and call the set of vectors {vy,va, ..., v} @ spanning set of V.

Theorem 4.10

Let vy, va, ..., v} be vectors in R™. Then {v;,vs,...,v;} spans R™ if and only if the matrix A = [v1,v2,...,v%],

the linear system Ac = v is consistent for every v e R™.

Proof. Rewriting the system as the linear combination cjv; + covg + ... + ¢xvr = v. The existence of a solution

(e1,ca, ..., cx) to this vector equation for each v € R"™ is equivalent to {vy,vs, ..., v; } spans R™. O

Example 4.11. We want to determine a spanning set for P»(R).

Consider po(x) = 1, p1 () = z, p2(x) = 2%, Then, p(x) = agpo(x) + a1p1 () + azp2(x).

Theorem 4.12

Let vy, vs, ..., v be Vectors in a vector space V. Then span {vy,va, ..., vy } is a subspace of V.
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Proof. Consider v, w € S. Then we have
V= aqv1 + agUa + ...+ apvy W = by + bovg + ...+ brug.

Thus, v + w = (a1v1 + agva + ... + apvE) + (b1v1 + bovg + ... + bpvg) = 11 + Covg + ... + CiUE.
Also, kv = kajvy + kagvg + ... + kagvg, = dyvy + davg + ... + dpvp.

As S is closed under addition and scalar multiplication, S is a subspace of V. O

4.5 Linear Dependence and Linear Independence

Definition 4.13: Linear dependency

A finite nonempty set of vectors {v1,vs, ..., v} in a vector space V is said to be linearly dependent if there

exist scalars ¢y, cg, ..., cx, not all zero, such that
c1v1 + CoUg + ... + ¢ = 0.

Such a nontrivial linear combination of vectors is sometimes referred to as a linear dependency among the
vectors vy, va, ..., Uk.

A set of vectors that is not linearly dependent is called linearly independent.

Example 4.14. Let V be the vector space of all functions defined on an interval 7. If
fi(z) =1 fo(x)=2sin’z f3(x) = -5cos’(z),

then {f1, f2, f3} is linearly dependent in V, since the trigonometric identity implies f;(x) = fo(z)/2- f3(z)/5.

We can therefore conclude from theorem 4.5.2 that
span {1, 2sin? z,-5 cos? x} = span {2 sin? z,-5 cos? x}
Now we consider linear dependency in R”. Let {vy,vs,...,v;} be a set of vectors in R”. Let A denote the matrix
A = [v1,v9,...,v]. Since each of the given vectors is in R”, it follows that A is a n x k matrix. The linear combination
101 + CoUg + ... + ¢y, = 0 can be written as Ac = 0, where ¢ = [cicy...c ]

Then, let vy, vs, ..., v, be vectors in R™ and A = [vy,vs,...,v]. Then {vy,vs,...,v;} is linearly dependent if and only

if the linear system Ac = 0 has a nontrivial solution for c¢. That is, det(A) = 0.
We now consider the linear dependency of the set of functions.

Definition 4.15: Linear dependency of functions

The set of functions {f1, fa, ..., fx} is linearly independent on an interval [ if and only if the only values of

the scalars c1, ¢s, ..., ¢; such that

crfi(w) +cafa(w) + .+ e fr(w) =0

areci=cp=..=c,=0forall x 1.
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The linear dependency of functions can be determined by the Wronskian.

Definition 4.16: Wronskian

Let fi, fo,..., fx be functions in C*~1(I). The Wronskian of these functions is the order k determinant
defined by
fi(z) (@) o fu(z)

WLf1, far o f1](x) = fl(.f”) fz@ fk@

FED@) (V@) Y (@)

Theorem 4.17

Let fi, f,..., fr be functions in C*¥=1(I). If W[fi, fo,..., fx] is nonzero at some point zy € I, then

{f1, f2y -, fx} is linearly independent on I.

Proof. Assume c; f1(x)+cafo(x)+...+cx fr(x) = 0 for all z € I. Differentiating k — 1 times yields the linear system
whose the determinant of the matrix of coefficients is W[ f1, fa, ..., fx ] (). Consequently, if W f1, fa, ..., fx] (o) #
0 for some zy € I, then the determinant is nonzero, and therefore the only solution is the trivial solution

¢1 = ¢y = ... = ¢, = 0. That is, the given set is linearly independent on 1. O

The Wronskian can only be used to determine if a set of functions is linear independent. That s, if W{ f1, fa2, ..., fx](z) =
0 for all x € I, we cannot conclude any information as to the linear dependence or independence of {fi, fa, ..., f }

on /.

4.6 Bases and Dimension

Definition 4.18: Basis
A set of vectors {v1,ve,...,v;} € V is called a basis for V if

(a) the vectors vy, v, ..., v; are linearly independent.

(b) the vectors together span V.
There do exist vector spaces V for which it is impossible to find a finite set of linearly independent vectors that span
V. For example, the vector space C"(I) have infinitely many linearly independent vectors that span V. These are

called infinite-dimensional vector spaces. We primarily consider the vector spaces that can be spanned by finitely

many vectors, or finite-dimensional vector spaces.

Theorem 4.19

If a finite-dimensional vector space has a basis of n vectors, then any set of more than n vectors is linearly

dependent.
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Proof. Let vy,vs,...,v, be a basis for V, and any set of m > n vectors. Consider {uj,us,...,u;}, each can
be represented as a linear combination of vi,vs,...,v,. The system of equation ciju; + coug + ... + ¢y, = 0
has nontrivial solutions as the number of equations exceeds the number of unknowns. Hence, the vectors

U1, Uz, ..., Up, is necessarily linearly dependent. O

Definition 4.20: Dimension

The dimension of a finite-dimensional vector space V, written dim[V'], is the number of vectors in any basis

for V, except for when V' = {0}, where its dimension is zero.

Example 4.21. The dimensions for the following common vector spaces are trivial.
() dim[R"]=n

(b) dim[Mxn(R)] =mn

(0 dim[P,(R)]=n+1

(d  dim[C*(I)] = o

Theorem 4.22
If dim[V'] = n, then any set of n linearly independent vectors in V' is a basis for V.

Proof. Let vy, vs, ..., v, be n linearly independent vectors in V. We need to show that they span V.
Consider any v € V, then the equation cov + cjvy + ... + ¢,v, = 0 has at least one non-trivial solution as
{v,v1, v, ...,v,} is linearly dependent. Hence, v = —(c1v1 + vavs + ... + ¢, U, ) /co. Likewise, every vector v can be

written as a linear combination of vy, vs, ..., v, and hence {vy,vs, ...,v, } spans V. O

The result of this proof is significant, especially when connecting with differential equations. In later chapters, we

will explicitly construct a basis for the solution space to the differential equation
y™ +ay" Y+t an_1y +any = 0.

We can now establish an equivalence relation between statements. If dim[V] =n and S = {v1,v2,...,v, } is a set of

n vectors in V, then the following statements are equivalent:
(1) S is a basis for V.
(2) S islinearly independent.

(3) SspansV.

4.7 Change of Basis

If we have a finite basis for a vector space V, then, since the vectors in a basis span V, any vector in V' can be
expressed as a linear combination of the basis vectors. The next theorem establishes that there is only one way in

which we can do this.
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Theorem 4.23

If V is a vector space with basis {vy,vs, ..., v, }, then every vector v € V can be written uniquely as a linear

combination of vy, va, ..., Up,.

Proof. Since vy, vs,...,v, span V, every vector v € V' can be expressed as
V=a1v1 + a0 + ... + apUy.

Suppose also that

V= bl’Ul + bQUg + .0+ bn’l}n,

it suffices to prove that a; = b; for each . Consider
vV—-v= (a1 - bl)’l}l + (a2 - b2)’U2 + ...+ (an - bn)vn =0.

However, as vy, vs, ..., v, are linearly independent, the only solution to the equation is the trivial solution a; —b; =

0. This implies a; = b; for each ¢, completing the proof. O

Definition 4.24: Ordered basis

An ordered basis is defined as a basis in which the order is kept track of.
If B ={v1,va,...,u,} is an ordered basis for V' and v € V, then the scalars ¢, ¢, ..., ¢, in the unique n-tuple

such that

V= C1U1 + CoUs + ... + CpUy,

are called the components of v relative to the ordered basis B = {v;,va,...,v, }. The column vector of the

components of v relative to the ordered basis by [v] 5, and [v]p is the component vector of v relative to B.

Example 4.25. We want to determine [v]p of v = (1,7) in R? relative to B = {(1,2),(3,1)}.

Letting v = (1,2) and vy = (3,1) allows us to determine constants ¢y, ¢z such that

1 3 1
C1 + Co = .
2 1 7
The solution is (4,-1), which gives the components of v relative to the ordered basis B = {v1,v2}. Thus,
4

v = 4v1 —ve, giving [v]p = ]
-1

If we are given two different ordered basis for an n-dimensional vector space V, say
B ={vy,v9,..,u,} C={wy,wa,..,w,},

and a vector v € V, we want to know the relation between [v]p and [v]c. The connection is defined as a change-

of-basis matrix, as follows.
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Definition 4.26: Change of basis matrix

Let V be an n-dimensional vector space with ordered basis B = {vy,vs,...,v,} and C = {wy, w3, ...,w, }. The

change-of-basis matrix is defined by

PC<—B = [['Ul]07 [Ug]c, ceey [Un]C] .

In words, the components of each vector in the old basis B with respect of the new basis C' and write the
component vectors in the columns of the change of basis matrix.

There then exists a relation between the component vector:

[v]lc = Po—B[v]B-
Example 4.27. Let V =R? B ={(1,2),(3,4)}, C ={(7,3),(4,2)}, v = (1,0). We want to know: [v]p and
[v]le, Po—p and Pg.¢, and [v]¢c from the above equation.

Consider ¢;(1,2) +¢2(3,4) = (1,0), and d1(7,3) + d2(4,2) = (1,0). Then, we have (¢1,c2) = (-2,1), (d1,dz) =
(1,-3/2) as the solution sets. Then,

Consider Pg. g, we have

Consider Pg._c, we have

Theorem 4.28
Let V be a vector space with ordered bases A, B, C. Then
Poca=PocpPpea.
Proof. For every v e V, we have

PocpPpealv]a=Pocplv]p =[v]e = Pocalv]a.
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4.8 Row Space and Column Space

Definition 4.29: Row space and Column space

Let A = [a;;] be an m x n real matrix. The row vectors of this matrix are row n-vectors, so they together span
a subspace of R™. The row space of A is the subspace of R".
Similarly, the column vectors of this matrix are row m- vectors, so they together span a subspace of R"”. The

column space of A is the subspace of R™.

Theorem 4.30

Let A be an m x n matrix. The set of column vectors of A corresponding to those column vectors containing

leading ones in any row-echelon form of A is a basis for colspace(A).

Example 4.31. Determine a basis for colspace(A) if

1 2 -1 -2 -1
2 4 -2 -3 -1

A= .

5 10 -5 -3 -1

-3 -6 3 2 1

Reducing A to row-echelon form gives

1 2 -1 -2 -1 1 2 -1 -2 -1 1 2 -1 -2 -1
A 00 0 1 1 0 0 0 1 1 00 0 1 1
00 o0 7 4 0 0 0 0 -3 00 0 0 1
00 0 -4 -2 00 0 0 2 00 0 0 O

The column vectors are then the first, fourth, and fifth rows, so a basis for colspace(A) is

{(1,2,5,-3),(-2,-3,-3,2),(-1,-1,-1,1)}.

4.9 The Rank-Nullity Theorem

Definition 4.32: Nullity
The nullity of A is the dimension of the null space of A.

Theorem 4.33: Rank-Nullity Theorem

For any m x n matrix A,
rank(A) + nullity(A) = n.

Proof. We don’t present a direct proof here. Refer to the general rank-nullity theorem in chapter 6. O
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4.10 Invertible Matrix Theorem II

We now present perhaps the most important theorem of this book: the full Invertible Matrix Theorem. This time,
the full one. If you are only allowed to bring one sheet of paper to your linear algebra exam, this is undoubtedly

the page (unless your exam is differential-equation-heavy, then I guess not :))

Theorem 4.34: Invertible matrix theorem
Let A be an n x n matrix. The following conditions on A are equivalent:

(a) Aisinvertible.

(b) The equation Az =b has a unique solution for every b € R™.

(c) The equation Az = 0 has only the trivial solution « = 0.

(d) rank(A4) =n.

(e) A can be expressed as a product of elementary matrices.

() Aisrow-equivalent to I,,.

(g) nullity(A) =0.

(h) nullspace(A) = {0}.

(i) The columns of A form a linearly independent set of vectors in R".
(G) colspace(A) = R™.

(k) The columns of A form a basis for R™.

(I) The rows of A form a linearly independent set of vectors in R".
(m) rowspace(A) =R".

(n) The rows of A form a basis for R".

(o) AT isinvertible.

Proof. The equivalence of (a)(b)(c)(d)(e)(f) has been established in section 2.8.

The equivalence of (a)(h) has been proved in the Rank-Nullity theorem. The equivalence of (g)(h) is trivial.
The equivalence of (a)(i) is immediate from section 4.5. Since the dimension of colspace(A) is simply rank(A),
the equivalence of (a)(j) is immediate. Next, from the definition of a basis, (i)(j)(k) are logically equivalent.
Moreover, since the row space and column space of A always have the same dimension, (j)(m) are equivalent.
Since rowspace(A) = colspace(A”), the equivalence of (j)(m) implies the equivalence of (a)(o). Finally, the

equivalence of (a) (o) proves that (k) (n) are equivalent, and (i) (1) are equivalent.

Yes, at last, everything is equivalent. How magical it is. O
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6 Linear Transformation

A variety of problems we have studied to this point in the text, both in linear algebra and in differential equations,
can be viewed as special cases of the general problem of finding all vectors v in a vector space with the property

that T'(v) = 0, where T is a mapping from a vector space V into a vector space W.

6.1 Definition of a Linear Transformation

Definition 6.1: Mapping

Let V and W be vector spaces. A mapping from V into W is a rule that assigns to each vector v € V precisely
one vector w = T'(v) € W . Such mapping is denoted as T': V - W.
Definition 6.2: Linear transformation
Let V and W be vector spaces. A mapping T': V' — W is a linear transformation from V to W if:
1) T(u+v)=T(u)+T(v) forall u,veV.
(2) T(cv)=cT'(v)forallveV andall ceR.

These properties are the linearity properties. V' is the domain of 7', and W is the codomain of 7.

Now we give an example of a linear transformations.

Example 6.3. Define T: C%(I) - C°(I) by T(y) = y" +y. Verify that T is a linear transformation.
Consider y;,y2 € C?(I). Then T(yy +y2) = (y1 +y2)" + (y1 +y2) =) +y1 +y5 +y2 = T(y1) + T(y2).
Now consider y; € C?(I). Then T'(cy1) = (cy1)” +cyr = c(yf +y1) = T (y1).

Both linearity properties are satisfied, so 7T is a linear transformation.

Theorem 6.4: Linear transformation and combination
A mapping T : V - W is a linear transformation if and only if
T(c1v1 + cav2) = 1T (v1) + c2T(v2)
for all v1,v5 € V and all scalars ¢y, cs.

Proof. If T'(c1v1 +covg) = 1T (v1)+c2T (v2), then the linearity properties, which are special cases of the equation,

are satisfied. ((1) by ¢; =¢2 =1, (2) by ¢; = cand ¢, = 0) Hence, T is a linear transformation.

Conversely, if T is a linear transformation, then T'(civy + covs) = T'(c1v1) + T(cova) = 1T (v1) + o1 (v2). O
Now we are interested in linear transformations between vector spaces R and R™, as they are very pivotal in linear

algebra and its applications.
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Theorem 6.5: T'(x) = Ax as a linear transformation
Let A be an m x n matrix, and define 7' : R® — R" by T'(z) = Az. Then T is a linear transformation.

Proof. We want to verify the linearity properties by considering x,y € R™.
T(zx+y)=A(x+y)=Ax+ Ay =T(x) + T(y), and T'(cz) = A(cx) = cA(x) = ¢T'(x). As both linearity properties

are satisfied, then 7T is a linear transformation. In fact, T is often called a matrix transformation. O

Example 6.6. We want to determine the matrix transformation 7 : R? - R* if

2 1

3 -1
A=

-5 3

0 -4

To determine the transformation, we have
2 1 2561 + X2
3 -1llz 3r1—x
T(x) = Az = el TR

-9 3 T2 —5.%'1 + 3$2
0 -4 —41‘2

Here, we have T(xl,xg) = (2.’];1 + X9, 3331 — I, —5$1 + 3.132, —4332).

After we have worked the direct way, we also want to understand how the converse works. That is, given a certain

transformation 7', we want to find out the matrix of transformation.

Definition 6.7: Matrix of transformation
If T:R™ - R™ is a linear transformation, then the m x n matrix

A= [T(el),T(€2)7 -~-aT(en)]

is called the matrix of T'.

Example 6.8. We want to determine the matrix of the linear transformation 7 : R - R* defined by
T(x1, w2, 23) = (-1 + 3wz, —223, 221 + dxe — 923, 721 + DX2).

We consider standard basis vectors in R? : e; = (1,0,0), ez = (0,1,0), e3 = (0,0,1). This gives T'(e;) =
(-1,0,2,-7), T(e2) = (0,0,5,5), T'(es) = (3,-2,-9,0). The matrix of the transformation is

-1 0 3
A= [T T T =] )L,
-7 5 0

53



6.2 Transformations of R? stanle

6.2 Transformations of R2

We consider the particular case of linear transformations 7" : R? - R? in this section. Often called a transformation
of R?, this transformation can be represented by its effect on an arbitrary point in the Cartesian plane.

Consider a line

; a
l: = +t =21 + tv.
Y Y1 b

The transformation T'(z) = Ax therefore transforms the line into
T(.C(}) = A(l'] + t’U) = Al’l +tAv = Yy + tw.

Here, y; = Az, and w = Av.

We now show some simple transformations in R?, considering v = (x, %) is an arbitrary point in R2.

) I
o 1l " |1 ool

The above three transformations reflect a point v = (z,y) over the x-axis, y-axis, and the line y = z, respectively.

k0 10
LS, = LS, =
0 1 0 k

The above two stretch a point v = (z,y). The first gives (z,y) — (kz,y), and the second (z,y) — («, ky). If we only

R, =

-1

consider the situations where & > 0, then the transformation can be either an expansion (when k > 1), a compression

(when £ < 1), or a identity transformation (when % = 1).

1k 10
S, = S, =
0 1 ko1

The above two shear a point v = (z,y). The first gives (z,y) - (z + ky,y), and the second (z,y) — (z,kz +y). In
this case, each point in the plane is moved parallel to the axis a distance proportional to its other coordinate.

Consider T as any transformation of R? with invertible matrix A. Then,
T(v) = Av=E{'Ey*...E; .
This means, if we consider any transformation with an invertible matrix, we can describe the transformation 7" as a

combination of reflections, shears, and stretches.

9

Example 6.9. Consider T' : R? - R? with invertible matrix A =
1 2

}. We want to describe T as a

combination of reflections, shears, and stretches.

We do this by first reducing A to reduced row-echelon form.
3 9 1 2 1 2 1 2 1 0
1 2| [3 9] [0 3] o 1] |o 1|
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The corresponding elementary matrices are then

Plzzlo 1] A12(—3):l1 0] M2(1/3):l1 0] A21(—2)=l1 _2]-
1 0 -3 1 0 1/3 0 1

We can now write T" as
0O 1|1 OofJ1 OJI1 2
T(v)=Av= v.
1 013 1({0 3][0 1

Here, we know that T consists of a shear parallel to z-axis, followed by a stretch in the y-direction, followed

by a shear parallel to the y-axis, rounded up by a reflection in y = .

-----------------------------------------------------------------------------------

6.3 The Kernel and Range of a Linear Transformation

If T:V — W is any linear transformation, there is an associated homogeneous linear vector equation 7'(v) = 0.

Definition 6.10: Kernel

Let T': V — W be a linear transformation. The set of all vectors v € V such that T'(v) = 0 is called the kernel
of T. Mathematically,
Ker(T)={veV:T(v)=0}.

We see that the concept of kernel is exactly same as null space. We often use kernel in linear transformations and

null space in vector spaces, but they can be interchangeable.

Definition 6.11: Range

The range of the linear transformation 7" : V' - W is the subset of W consisting of all transformed vectors
from V. Mathematically,
Rng(T) ={T(v):veV}.

We see that every vector in Ker(T"), including the zero vector in the domain, is mapped to the zero vector in V.
Considering that the kernel is exactly the null space, then it is also a subspace of R™. It then follows that for
a linear transformation 7' : R® — R™, the range can be represented as the column space of the matrix of T,

A =ay,az,...,a,], so Rng(T) is a subspace of R™.

1 -2 5
Example 6.12. Let T : R?® - R? be the linear transformation with matrix A = [ l We want to

-2 4 -10
determine the kernel and range of T'.

1 5
To determine the kernel, we need to find the solution set to Az = 0. Considering A ~ l ] gives
0 0 O

T, =2r->5s, x9 =1, r3 = s. Hence,

Ker(T) = {IERB tx = (27’—55,7’,5),7“,56R}.
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Here, Ker(T') is the two-dimensional subspace of R? spanned by (2,1,0) and (-5,0,1). The linear transfor-
mation maps all points on the subspace to the zero vector in R?.

Since T is a matrix transformation,
Rng(T) = colspace(A) = {y e R*: y =r(1,-2),r e R}.

Now we understand T better: 7' maps all points in R? onto the line of Rng(T’), a one-dimensional subspace

of R?. Specifically, Ker(T") is mapped onto the zero vector in R2.

The example gives us important information regarding Ker(7") and Rng(7'):
Ker(t) = nullspace(A) c R" Rng(T) = colspace(A) c R™
Theorem 6.13
If T:V — W is a linear transformation, then
(1) Ker(T) is a subspace of V.

(2) Rng(T) is a subspace of W.

Proof. We know that both Ker(7T") and Rng(7T") include the zero vector and are subsets of their respective vector

space, establishing closeness under addition and scalar multiplication suffices.
(1) If vy,v9 € Ker(T), then T'(v1) = 0 and T'(v2) = 0. Consider T'(vy + v2) and T'(cvy ), we have
T(vy+v9)=T(v1) +T(v2) =0 T(cv1)=cT(v1)=0
As 0 € Ker(T'), Ker(T) is closed under addition and scalar multiplication. Thus, Ker(7T') is a subspace of V.
(2) If wy,ws € Rng(T), then wy = T'(v1) and ws = T'(v2) for some vy, vs € V. Thus,

wy+we =T (v1) +T(vg) =T (v1 +v2) cwy=cT(v1)=T(cv1)

This means both w; + we and cw; are in Rng(7T') as they are output of 7. Hence, Rng(T) is closed under

addition and scalar multiplication, and it follows that Rng(T") is a subspace of W.
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Theorem 6.14: The general rank-nullity theorem

If T:V — W is a linear transformation and V is finite-dimensional, then
dim[Ker(7T)] + dim [Rng(7T)] = dim[V]

Proof. Suppose that dim[V'] = n. We consider three cases:

Case 1. If dim [Ker(T")] = n, then Ker(T') = V' (Goode Corollary 4.6.14: if dim[V'] =n and S is a subspace of V,
then if dim[S] = n, S = V), that T'(v) = 0 for every v € V. Now we know that Rng(T") only includes the zero
vector, so its dimension is zero. The general R-N theorem holds.

Case 2. If dim [Ker(7")] = k, where 0 < k < n, then the basis for Ker(T) is {v1,v2,...,v5}. We can extend the
basis to a basis for V: vy, vs, ..., Uk, Vk+1, ..., Un. It suffices to prove that T'(vg+1), T (vk+2), .., T'(vy,) is a basis for
Rng(T'). Consider w € Rng(T"), then w = T'(v) for some v € V. We then have v = c;v; + covs + ... + ¢, v, for some
c1,Co,...,Cpn. Hence,

w=TwW)=c1T(v1) +c2T(v2) + ... + ¢, T(vy).-
Since vy, va,...,vp € Ker(T), w=0+0+ ... + 0+ 41T (v41) + Chr2T (Vgs2) + ... + ¢, T (vy,). Thus,
Rng(T) = span{T(vi+1, T (vi+2), -, T(vn)} -
Now we show that the vectors in the span is linearly independent. Suppose that
A1 T (Vgs1) + dps2T (Vgs2) + oo + dpy T (vy) = 0,

then it also follows that T'(dg+1vVk+1 + dis2Vks2 + ... + dpvy,) = 0, hence dy1vk11 + dikr2Vgs2... + dpv, € Ker(T).

Consequently, there exists dy, ds, ..., dj such that
dk+1vk+1 +dk+27)k+2 +... +dn’Un = dll}l +d2’l)2 +... +dk’Uk = dl’Ul +d21)2 +.. +dk'Uk - (dk+1vk+1 +dk+27)k+2 +... +dn’Un) =0.

Here is an important catch: the set of vectors vy, va, ..., Vg, Ug41, ..., Un iS linearly independent as it is the basis of V.
Hence, the only solution to the systemisd; = ds = ... = dy, = dgy1 = ... = dp, = 0. Thus, {T(vg41), T(vks2), .., T(vn)}
is linearly independent, so it is a basis for Rng(7"), and dim[Rng(7T)] = n — k. It follows that

dim[Ker(7T)] + dim[Rng(T)] =k + (n-k) =n =dim[V].

Case 3. If dim[Ker(T")] = 0, then Ker(7T') only includes the zero vector. Then we can let {v;,vs,...,v,} be any

basis for V. We use a similar argument to case 2 here. Consider w € Rng(T"), then w = T'(v) for some v € V.
Rng(T) = span {T(v:), T(vs), ., T(v,)} .

Now suppose that dyT(v1) + doT(v2) + ...+ d, T (v,) = 0, then T'(dyvy +dova + ... + d, vy, ) = 0 We already know that
the set of vectors vy, vg, ..., vy, is linearly independent as it is the basis of V, so similarly, {T'(v1),T(v2), ..., T (vn)}

is also linear independent, so it is a basis for Rng(7'), and dim[Rng(T")] = n. Again, we have

dim[Ker(7T')] + dim[Rng(T)] =0+n =n=dim[V].
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6.4 Additional Properties of Linear Transformations

We want to establish that all real vector spaces of a finite dimension n are essentially the same as R”, and we do so

in this section by considering the composition of linear transformations.

Definition 6.15: Composition of linear transformations

Consider 77 : U - V and T, : V' - W be two linear transformations. We define the composition, or product,
T2T1 U->W by
(I2T1)(u) = To(Ti(u)) Vuel.

Theorem 6.16

Let T :U -V and T : V — W be linear transformations. Then 75,7} : U — W is a linear transformation.

Proof. Consider arbitrary vectors u;,us € U, and c¢ € R. It suffices to prove (T277)(u1 +uz) = (ToT1)uq + (ToT1 )us
and (75T7)(cu1) = ¢(T2T1)(uq ). The first equation can be proven as follows:

(ToTy) (uq +uz) = To (T (uy +us))
=To (T (ur) +T1(us2))
= To(Ti(u1)) + To(T1 (usz))
= (ToT1) (ur) + (T2171) (uz).

And, the second equation, as follows:

(o) (cuy) = To(Ti(cur))
=To(cTi(uy))
=cTo(T1(u1))
= c(ToT1)(u1).
O
Note that the outputs from the linear transformation 77 become the inputs for the linear transformation 75 when

computing the composition 757;. Hence, the commutative property does not hold. Even when both compositions

T1T5 and T»T; make mathematical sense, they may not be the same linear transformation.

Example 6.17. Let 7} : R” - R™ and T : R™ — RP? be linear transformations with matrices A and B
respectively. We want to determine the linear transformation 757} : R™ — RP.

We compute the linear transformation by directly using the definition.
(ToT)(x) = To(Ty(x)) = To(Ax) = B(Az) = (BA)x.

Consequently, 7,77 is the linear transformation with matrix BA. Note that A is an m x n matrix, and B is a

p x m matrix. BA is then defined with size p x n, which transforms R" to R?.
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Definition 6.18

A linear transformation 7' : V — W is said to be

(1) one-to-one if distinct elements in V' are mapped via T to distinct elements in W. This means, v; # vs €
V implies T'(v1) # T'(v2).

(2) onto if the range of T is the entirety of W. This means, if every w € W is the image under T of at least

one vector v e V.
Theorem 6.19
Let T:V — W be a linear transformation. Then T is one-to-one if and only if Ker(T") = {0}.

Proof. Since T is a linear transformation, 7°(0) = 0. If T is one-to-one, there can be no other vector v € V
satisfying T'(v) = 0, otherwise it would contradict with the definition. Hence, Ker(T') = {0}.

Conversely, suppose that Ker(T") = {0}. If vy # vq, then v; — vy # 0, and therefore T'(v; — v2) # 0. The linearity
property follows, giving T'(vy) — T'(v2) # 0. Hence, T'(v1) # T'(v2), and T is one-to-one. O

Now we have reached the conclusion that the linear transformation 7': V' — W is one-to-one if and only if Ker(T") =
{0}, and onto if and only if Rng(7) = W.

Example 6.20. Consider the transformation 7' : P»(R) - P2(R) defined by
T(a+bx+cx®)=(2a-b+c)+(b-2a)z +caz’.

We want to determine whether 7' is one-to-one, onto, both, or neither.
We first test if 7' is one-to-one. Consider T'(a+bz+cz?) = 0, then it must be satisfied that 2a—b+c = b—2a = ¢ = 0.

Computing the system gives the solution ¢ = 0, b = 2a, so Ker(7T') = {a(1 + 2z) : a € R}. Hence, T is not one-

to-one.

Then, we test if 7' is onto. As Ker(7T') = {a(1 + 2x)}, its dimension is one. Hence, dim[Rng(7)] = dim[V]-1 =
2, which means Rng(T) is a two-dimensional subspace of the three-dimensional vector space P»(R), so

clearly T is not onto. Thus, T is neither one-to-one nor onto.

If T:V — W is both one-to-one and onto, then for each w € W, there is a unique v € V such that T'(v) = w. We can

therefore define a mapping 7' : W — V by
T Hw) =v e w=T(©).
Definition 6.21: Inverse transformation

Let T : V — W be a linear transformation. If 7' is both one-to-one and onto, then the linear transformation
T-!:W - V defined by
T (w) =vew=T(v)

is called the inverse transformation to 7'.
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Theorem 6.22

Let T : R® — R" be a linear transformation with matrix A. Then T~! exists if and only if det(A) # 0.

Furthermore, 77! : R® - R"™ is a linear transformation with matrix A~!.

Proof. Consider the kernel of T'. T is one-to-one if and only if Ker(7) = {0}, i.e., if and only if the linear system

Az =0 has only the trivial solution, which is true if and only if det(A) # 0. Furthermore,
Rng(T) = {Az: x € R"} = colspace(A).
Consequently, the following statements are equivalent:
(1) T is onto.
(2) colspace(A) =R".
(3) The column vectors of A span R™.
(4) det(A) =0.

O
Finally, if det(A) # 0, then A~! exists, so that T'(z) =y < Az =y < x = A~'y. Thence, T~'(y) = A~'y, from which

it follows that 7! is itself a linear transformation with matrix A~".

Definition 6.23: Isomorphism

Let V and W be vector spaces. If there exists a linear transformation T : V' — W that is both one-to-one and

onto, we call T an isomorphism, and we say that V and W are isomorphic vector spaces, V = W.

Example 6.24. We want to determine an isomorphism 7": R® — P»(R).

2

We do this by considering an arbitrary vector in P>(R), expressed as ag + a1z + agx®. Consequently, an

isomorphism between R? and P,(R) can be defined by T'(ag, a1,az) = ag + a1 + asz>.

Theorem 6.25

Let A be an n x n matrix with real elements, and let T': R™ — R" be the matrix transformation defined by

T(x) = Az. The following conditions are equivalent:
(1) A isinvertible.

(2) T is one-to-one.

(3) T isonto.

(4) T is an isomorphism.

Proof. The proof is trivial. (1) and (2) by IMT, (2) and (3) by Goode Prop 4.6.14, (3) and (4) by definition. O
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6.5 The Matrix of a Linear Transformation

Definition 6.26: Matrix representation

Let V and W be vector spaces with ordered bases B = {vy, v, ...,v,} and C = {wy,ws, ..., w,, }, respectively,

and let T': V — W be a linear transformation. The m x n matrix

(715 = [[T(v1)]e, [T(v2)]es - [T(vn)]e]

is called the matrix representation of T relative to the bases B and C. For V = W and B = C, we refer to

[T]5 as the matrix representation of 7 relative to the basis B.
Example 6.27. Consider the linear transformation 7' : P;(R) — P»(R) defined by

T(a+bx) = (2a-3b)+ (b-5a)x + (a+b)z>.

We want to determine the matrix representation of T relative to the bases B = {1,2} and C = {1, T, $2}.

We first have T(1) =2 - 5z + 2% and T((x) = -3 + z + 2. So

2 -3 2 -3
[T(W]e=|-5| [T@)]c=|1|=[TE=]-5 1
1 1 11

Theorem 6.28

Let V and W be vector spaces with ordered bases B and C, respectively. If T': V' — W is a linear transfor-

mation and v is any vector in V, then
[T(v)]e = [T]5[v]s.

Proof. Let B = {vy,va,...,v,}, and consider v € V. As v = ajv1 + agva + ... + apUp,

[T15 (0] = al[T(v1)]e +az[T(v2)]c + oo + an[T(va) o = [T(v)]c-

O
We now consider the composition of linear transformations and how they can be represented with matrix represen-

tations with respect to respective bases.

Theorem 6.29

If U, V, W are vector spaces with ordered bases A, B, and C,and T} : U - V and T : V - W are linear

transformations, then
[T>T1]5 = [T2]3[T1]4.

Proof. It suffices to show that premultiplying any column vector [u] 4 gives the same result. Here,

[R]5[T1)4 [u]a = [TR]5(T1 ()]s = [T2(Ta(w)]e = [(T2Th)u]e = [ToTh] 5 [u]a.
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O
Now, because of the close relationship between the matrix representation of linear transformation and the linear

transformation itself, the following theorem can be established.
Theorem 6.30
Let T: V — W be a linear transformation, and let B and C be ordered bases for V and W, respectively. Then
(1) ForallveV,veKer(T) if and only if [v] 5 € nullspace([T])%.

(2) Forallwe W, weRng(T) if and only if [w]c € colspace([T]5).

Corollary 6.31

Let T:V — W be a linear transformation, and let B and C be ordered bases for V and W respectively. Then

(1) T is one-to-one if and only if nullspace([7]%) = {0}.

(2) T is onto if and only if colspace([T]% = R™, where n = dim[W].
Given an invertible linear transformation 7" with matrix representation [7']%, we can now use matrices to determine
the inverse linear transformation 7-!. As [T~1]5[T1% = [I]15 and [T]4[T71]5 = [I]S, we can get that ([T]g)f1 =
gt

Example 6.32. Let T: P>(R) — P>(R) be defined via

T(a+bx+cx®)=(3a-b+c)+(a—c)x+(4b+c)a’.

(a) Find the matrix representation of 7" relative to the standard basis B = {1, x, xz} on P (R).

We do this problem by considering 7'(1) = 3 + z, T(x) = -1 + 422, and T'(z?) = 1 - 2 + °. Hence,

3 -1 1
(T15=1 0o -1f.
0 4 1

(b) Use the matrix in part (a) to prove that 7" is invertible.

det[T]5 =-12+1-4=-15%0. Hence, [T]% is invertible, so T is invertible.

(c) Determine the linear transformation 77! : P,(R) — P»(R) by using the matrix representation of 7

relative to B = {1,z,2?}.

3 -1 1 4 5 1
-1 1
[T 5 =([T13) =[1 o -1 =t 3 4
0 4 1 4 -12 1

Thus, T7!(a + bx + cx?) = %7[(4a +5b+c) + (—a+3b+4c)x + (4a - 12b + ¢)x?].
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7 Eigenvalues and Eigenvectors

7.1 The Eigenvalue/Eigenvector Problem

Definition 7.1: Eigenvalue and eigenvector

Let A be an n x n matrix. Any values of A for which
Av=Xv

has nontrivial solutions v are called the eigenvalues of A. The corresponding nonzero vectors v are called

eigenvectors of A. (They are also referred to as characteristic values and characteristic vectors of A.)

Consider A as the matrix of a linear transformation 7': C* — C™. We restrict our attention to real A and A, focusing
only on R".

The eigenvectors of A are nonzero vectors that are mapped into a constant scalar multiple of themselves by T'.
Geometrically, the linear transformation leaves the direction of v unchanged.

Note that if Av = \v and c is a scalar, then
A(cv) = cAv = (M) = Mcv).

Consequently, if v is an eigenvector of A, then so is cv for any nonzero scalar c.

The solution of the eigenvalue/eigenvector problem is equivalent to solving
(A-A)v=0

The eigenvalues of A are those values of A for which the n x n linear system has nontrivial solutions, and the
eigenvectors are the corresponding solutions.

Hence, the eigenvalue/eigenvector problem can be solved as follows:
(1) Find all scalars A with det(A — AI') = 0. These are the eigenvalues of A.
(2) If Ay, A, ..., A are the distinct eigenvalues in (1), then solving & systems of linear equations
(A-X\Dv; =0
to find all eigenvectors v; corresponding to each eigenvalue.

Definition 7.2: Characteristic polynomial and characteristic equation
For a given n x n matrix A, the polynomial p(\) defined by
p(A) =det(A-X\)
is called the characteristic polynomial of A, and the equation
p(A) =0

is called the characteristic equation of A.
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3 -1
Example 7.3. Find all eigenvalues and eigenvectors of A = [ l

-5 -1
The linear system is (A — AI)v = 0, so we have

S RN

The system has nontrivial solutions if (3 - A)(-1-\) -5 =0, giving A = {-2,4}.

. 5 -1 0] [1 -02 0 o
Eigenvalue A\; =-2: (A- A\ v=0= ~ . The solution is then v = r(1,5).
-5 1 0 0 0 O

-1 -1 0 1 1 0
Eigenvalue A2 =4: (A-Xl)v=0= l ] ~ l ] The solution is then v = s(-1,1).
-5 -5 0 0 0 O

Theorem 7.4

Let A be an nxn matrix with real elements. If \ is a complex eigenvalue of A with corresponding eigenvector

v, then )\ is the eigenvalue of A with corresponding eigenvector .

Proof. If Av = Av, then Av = \v, which implies A% = \v, since A has real entries. O

7.2 General Results for Eigenvalues and Eigenvectors

For a given n x n matrix A = [a;;], the characteristic polynomial p(\) assumes the form

ai; — A @12 A1n
a Ao — A ... a2,
p(\) =det(A-AD)=| -+ 7% 2
anl an?2 P A

Expanding the determinant yields a polynomial of degree n in A\ with leading coefficient (-1)™. It follows that
p(A) = (1) (A = A1)™ (A= A2)™2 (A = Ag)™F, 50 mq + mg + ... + my, = n by the fundamental theorem of algebra.

Thus, associated with each eigenvalue ); is a number m;, called the multiplicity of \;.
Definition 7.5: Eigenspace
Let A be an n x n matrix. For a given eigenvalue \;, let F; denote the set of all vectors v satisfying Av = \;v.

Then E; is called the eigenspace of A corresponding to the eigenvalue \;. E; is the solution set to the linear
system (A - X\;I)v = 0.

3
Example 7.6. We want to determine the eigenspaces for the matrix A = l ] We do this by consider-

ing the eigenvectors v = r(1,5), v = s(-1,1). Then we have

E={veR:v=r(1,5)us(-1,1),r,s e R}.
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From the above example, we have one main result for eigenspaces. Let \; be an eigenvalue of A of multiplicity m;
and let F; denote the corresponding eigenspace. Then for each i, E; is a subspace of C", and the dimension of the

eigenspace corresponding to \; is at most the multiplicity of ;.

3 -1 0
Example 7.7. We want to determine all eigenspaces and their dimensions for the matrix A={ 0 2 0|
-1 1 2
The characteristic polynomial is p(\) = —(\ - 2)%(\ - 3), giving A\; = 2, Ay = 3.
1 -1 0 0
For \; =2, wehave A# =| 0 0 0 0|, which gives the general solution system v = r(1,1,0) + 5(0,0,1),
-1 1 00
so By ={veR?:v=7r(1,1,0)+s(0,0,1),r,s e R}. Hence, we have dim[E;] = 2, so n; = 2.
0 -1 0 0
For \; = 3, we have A# = | 0 -1 0 0|, which gives the general solution system v = #(1,0,-1), so
-1 1 -1 0

Ey = {v eR3:v=1(1,0,-1),t¢ R}. Hence, we have dim[FE5] =1, so ng = 1.

Theorem 7.8
Eigenvectors corresponding to distinct eigenvalues are linearly independent.

Proof. We use induction to prove the result. Let A\q, Ao, ..., A, be distinct eigenvalues of A with corresponding
eigenvectors vy, vy, ..., vy,. It is true that {v;} is linearly independent. Now suppose {vy,vs,...,v} is linearly

independent for some k < m. Consider the set {vy, v, ..., Uk, Uk+1}, We consider
C1U1 + CoVg + ... + CLUE + Cly1Vg+1 = 0.
Premultiplying both sides by A gives
Cl/\1111 + CQ)\QUQ + ...+ ck)\kvk + Ck+1/\k-+1'Uk+1 =0.
AS crr1vg41 = —(c1v1 + covg + ... + cU ), We rewrite the equation as
CLAIV] + CaMUg + oo+ CpARUE — Ags1(C101 + CoUg + oo+ cxUg) = 0= 1 (A = Agr1)v1 + oo+ (Mg = Ape1)vr = 0.

Since vy, v9, ..., vi, are linearly independent, this implies that ¢;(\; — Ax+1) = 0 for 1 < i < k. As the eigenvalues

are distinct, the only solution is ¢; = ¢3 = ... = ¢, = 0, so that the vectors are linearly independent. O

Definition 7.9: Nondefective matrices

An n x n matrix A that has n linearly independent eigenvectors is called nondefective. We say that A has a

complete set of eigenvectors. If A has less than n linearly independent eigenvectors, it is called defective.

If A is nondefective, then any set of n linearly independent eigenvectors of A is a basis for R™. Such a basis is

referred to as an eigenbasis of A.
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Example 7.10. We want to determine whether A = [ l is defective or not.

-1 -3
The characteristic polynomial of A4 is p(\) = A2 + 4\ +4 = (A +2)2.
Thus, A\; = -2 is an eigenvalue of multiplicity 2. The eigenvectors of A have the form v = r(-1,1). Here, we

see that the eigenspace is spanned by one vector, thus dim[E;] = 1 < 2, and hence A is defective.

Theorem 7.11

An n xn matrix A is nondefective if and only if the dimension of each eigenspace is the same as the algebraic

multiplicity m; of the corresponding digenvalue.

Proof. Suppose that A is nondefective, with eigenspaces F1, Es, ..., Ej of dimensions ni,nas, ..., ng, respectively.

Since A is nondefective, ny + ny + ... + n; = n. If n; < m; for some ¢, then we have
n=nip+ng+..+np<mp+mo+..+mr=n,

a clear contradiction. Thus, n; = m; for each i, which is equivalent to the statement that the dimension of each
eigenspace is the same as the algebraic multiplicity of the eigenvalue.

Conversely, if n; = m; for each 4, then
n=mip+meo+..+mp=n1+ng+..+ng,

which means that the union of the linearly independent eigenvectors that span each eigenspace consists of n

eigenvectors of A, and this union is linearly independent. Thus, A has n linearly independent eigenvectors. [

7.3 Diagonalization

Consider the linear system of differential equations
d%l/dt =a1171 + a1222, dl‘g/dt =211 + a22T9.
We can then write this as a vector equation =’ = Ax, where
1 ’ ‘rll
x= , x'=
To xh

Suppose we make a linear change of variables defined by x = Sy, where S is an invertible matrix. Then,

o A=[ay]

' =Sy = Sy = ASy.

Premutiplying by S~! yields y' = By, where B = S~* AS. The question is whether it is possible to choose S such that

y' = By can be integrated. We then lead to the definition of similar matrices.
Definition 7.12: Similar matrices

Let A and B be n x n matrices. We say A is similar to B if there exists an invertible matrix S such that

B=S"1AS.
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22 6
=70 -19

, , Lolro-2 . 1 -2|[2 oll7 2 2 6
It is obvious that S~ = ,80 STTAS = = =B
-3 7 -3 7 11-1 1|3 1 -70 -19

Theorem 7.14

0 7T 2
Example 7.13. If A= and B = ], we want to verify that B = S™ AS, where S = l l

3 1

Similar matrices have the same eigenvalues.

Proof. If A is similar to B, then B = S~' AS for some invertible matrix S. Thus,

det(B - AI) = det(S™'AS - \I) = det(S'AS - A\S™'9)
=det(S' (A~ \I)S) = det(S™*)det(A - A )det(S)
=det(A-\I).

O

We see that A and B = S~' AS have the same eigenvalues A, g, ..., \,. Furthermore, we also know that the simplest
possible matrix that has these eigenvalues is S~'AS = diag(\1, A2, ..., \,,). This leads to the question: for an n x n
matrix A, when does an invertible matrix S exist such that S AS = diag(\1, A2, ..., A\y)?

We provide the answer in the next theorem.
Theorem 7.15

An n xn matrix A is similar to a diagonal matrix if and only if A is nondefective. In such a case, if vy, vo, ..., vy

denote n linearly independent eigenvectors of A and S = [01,02, o vn], then
S7tAS = diag(A1, A2, .oy An),

where A1, Ao, ..., A, are the eigenvalues of A corresponding to the eigenvectors vy, vs, ..., Uy.

Proof. If A is similar to a diagonal matrix, then there exists an invertible matrix S = [vl,vg, ...,vn] such that
S~1AS = D, where D = diag(A1, Aa, ..., A\, ). From theorem 7.3.3, A1, g, ..., \,, are the eigenvalues of A. Premul-
tiplying both sides by S gives AS = SD, or equivalently,

A’Ul = )\1’[]1, AUQ = )\21}2, ceey A'Un = )\n’()n.

Consequently, v1,v9, ..., v, are eigenvectors of A corresponding to the eigenvalues Ai, Ao, ..., \,. Further, since
det(S) # 0, the eigenvectors are linearly independent.
Conversely, suppose A is nondefective, and let S = [ul,UQ, ,,,,un], where {vy,vs,...,v,} is any complete set of

eigenvectors of A. Then

AS = A[vl,vg,...,vn] = [Avy, Avg, ..., Avy, ] = [)\11)1,)\21)2, ....,)\nvn].
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This is equivalent to AS = SD, where D = diag(A1, A2, ..., A, ). Since the columns of S form a linearly indepen-

dent set, det(S) # 0, and hence S is invertible. Premultiplying both sides of AS = SD by S~! gives

S'AS =D.

Definition 7.16: Diagonalizable matrix

An n x n matrix that is similar to a diagonal matrix is said to be diagonalizable.

Example 7.17. We want to determine all solutions to | = 9z + 622, x5 = —10x; — Tx4.
9 6
Consider 2’ = Az, where A = { ] The transformed system is y' = (S™'AS)y, where z = Sy. To
-10 -7

determine S, we need the eigenvalues and eigenvectors of A. The characteristic polynomial is p()\) =
(A=3)(A+1). From this we know that A is nondefective, v = r(-1,1) and v = s(-3,5).
-1 -3 1 3 0
Setting S = { l gives STLAS = diag(3,-1), so that the system is lyll = [ ] [yl].
1 5

Ys 0 -1]]y

From this, we get y| = 3y1, yj = —y2, which gives y; (y) = c1€3¢, ya(t) = coe7".

Consequently, 21 (t) = —c1€3 — 3coe™ and z5(t) = c1e3! + 5egel.
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8 Linear Differential Equations of Order n

In Chapter 1, we developed techniques that enabled us to solve first-order linear differential equations. However,
there are lots of equations that are of orders greater than one, so those techniques will not be as useful when dealing
with, say, the RLC circuit:

d?q dqg 1

— +R—+—=q=E(1).

e g T et B

Recall that any such differential equation can be written in the form

L

ao(;v)y(”) + al(x)y("_l) +otan 1 ()Y +an(x)y = F(z),

where ag,ay, ..., a,, F are functions defined an interval I. In this chapter, we will apply the results from chapters 4

and 6 to develop a theory for the solution of such equations, primarily through three steps:

(1) Reformulate the problem in the equivalent form

where L is an appropriate linear transformation.

(2) Establish that the set of all solutions to the associated homogeneous differential equation
Ly=0

is a vector space of dimension n, so that every solution to the homogeneous differential equation can expressed

as

y(x) = c1y(w) + coya(x) + ... + cuyn (),

where {y1, 9o, ..., yn } is any linearly independent set of n solutions to Ly = 0.

(3) Establish that every solution to the nonhomogeneous problem Ly = F' is of the form

y(r) = cryr (z) + coya () + ... + cuyn () + yp (),

where y,(x) is any particular solution to the nonhomogeneous equation.

8.1 General Theory for Linear Differential Equations

Recall that D : C*(I) - C°([I) defined by D(f) = f' is a linear transformation. We call D the derivative operator.
Higher-order derivative operators have D* : C*(I) - C°(I) defined by

k_ k-1 _ koo d°f
DF=D(D*Y), k=2,3,.= D) =21
dzk

Taking a linear combination of the basic derivative operators, the general linear differential operator of order n is:

L=D"+a, D" '+ ... +ap1D +ay,,

and is defined by

Ly=y™ + a1y + .+ an1y +any.
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Now consider the general n-th order linear differential equation
ao(2)y™ + a1 (2)y™ D + .+ an_1(2)y + an(z)y = F(2),

where ag, a1, ...,a, and F are functions specified on an interval I. If F(x) is identically zero on I, then the differ-
ential equation is homogeneous. Otherwise, it is nonhomogeneous. Assuming that ao(z) is nonzero on I, we can

divide the differential equation by aq to obtain the following standard form:
y™ 4 al(m)y(”’l) + ot an1(2)y +an(x)y = F(z) = Ly = F(x).

Theorem 8.1: General existence and uniqueness theorem

Let ay,as,...,a, and F be functions that are continuous on an interval I. Then, for any xq € I, the initial-value
problem
Ly =F(z)

y(x0) =90, Y (x0)=y1. - Y (20) = Yn

has a unique solution on 1.

We don’t formalize the proof for the general existence and uniqueness theorem here, as it requires concepts from
calculus, namely the [Lebesgue’s Dominated Convergence Theorem.
The differential equation is said to be regular on I if the functions a1, as, ..., a,, F' are continuous on I. For now, we

always assume that the differential equations are regular on the interval of interest.
We first consider the n-th order linear homogeneous differential equation
Y™ 4 a1 (2)y" TV + a1 (2)y + an(z)y =0
on an interval I. This can be written as the operator equation Ly = 0, where L : C"(I) — Cy(I) is defined by
L=D"+a,D" ' +..+a,_1D +a,.
Let the set of all solutions be S, it is clear that
S={yeC"(I): Ly =0} =Ker(L).

As the kernel of any linear transformation 7 : V' — W is a subspace of V, the set of all solutions to the differential
equation is a subspace of C™(I). This subspace is referred to as the solution space of the differential equation. If
we can determine the dimension of S, then we will know how many linearly independent solutions are required to

span the solution space.

Theorem 8.2
The set of all solutions to the regular n-th order homogeneous linear differential equation
Y™ ay (2)y" TV 4 v an (2)y + an(z)y =0

on an interval I is a vector space of dimension n.
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Proof. Consider the operator form Ly = 0. To prove the dimension of the solution space is n, we must establish
the existence of a basis consisting of n solutions.

Let 41, 4o, ..., Yn be the n solutions satisfying the initial value problems
Ly =0, wyi(xo)=1, yi(z0)=...+y" (o) =0

Ly =0, vh(z0) =1, wa(xo) = .+ y™ I (x0) =0

Lyn = Oa yfzn_l)(xo) = Oa yn($0) = = y(n—2)(x0) =0

Consider the Wronskian of these solutions: W =1 # 0, implying that all n solutions are linearly independent. In

addition to that, L is indeed a linear transformation satisfying

L(ky) =kL(y) L(y1+y2)=L(y1) + L(y2),

Hence, any solution to Ly = 0 can be written as a linear combination of the linearly independent solutions

Y1, ---, Yn, thus these solutions span the solution space. The proof follows immediately. O

It follows from the previous theorem that any set of n linearly independent solutions {y1,y2, ..., yn } to
(n) (n-1) 4 -
y " +ar(x)y oot ap1(z)y +an(z)y=0
is a basis for the solution space of this differential equation. Consequently, every solution can be written as

y(r) = cryr () + coya () + .o + cuyn (),

where ¢1, co, ..., ¢, are constants. y(x) is referred to as the general solution to the differential equation.
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Example 8.3. We want to determine all solutions to the differential equation 3" — 2y’ — 15y = 0 of the form
y(x) = €"*, where r is a constant, and using this to determine the general solution.

We first consider y(x) = "%, then 3/ (z) = re"* and 3" () = r?e"®. Substitution gives
e (r?=2r-15)=0= (r+3)(r-5)=0

Hence, the two solutions to the differential equation are

3z

yi(a) = e ya(a) =™

Furthermore, W = 8¢>* # 0, so that y; (v) and y»(x) are linearly independent on any interval. It follows that

the set of all solutions to the differential equation is {6_3I, 65'"“} and the general solution is

y(z) = c1€73% + cpe™.

Note that W + 0 for all ranges of x. If W = 0 at some point of z, in section 4.5 we concluded that we wouldn’t be
able to draw any conclusion as to the linear dependence or linear independence of the solutions. We now show,

however, that the solutions are, in fact, linearly dependent.

Theorem 8.4

Let y1,92, ..., yn be solutions to the regular n-th order differential equation Ly = 0 on an interval I, and let
W y1,y2,...,yn] (x) denote their Wronskian. If W = 0 at some point z € I, then {y1,¥2,...,yn} is linearly

dependent on /.

Proof. Consider

y1 () yo(z) o yn(w)
N I 10 B C B A )
v (@) g (@) ey ()

Assuming W = 0, the system has a nontrivial solution («y, ..., a;,, ). We can now define u(z) as
u(z) = 1y1 + aoya + .. + A Yn.
Then, y = u(z) satisfies the initial-value problem
Ly=0 y(wo) =y (o) = ... + y" " (w0) = 0.
Consider the solution y(x) = 0, and by the existence and uniqueness theorem, we have
u(z) = a1y1 + aoys + ... + Ay, = 0.

Then, it naturally follows that {y1, y, ..., y, } must be linearly dependent. O

An important conclusion from the above theorem is that the Wronskian on an interval I completely characterizes

whether solutions to Ly = 0 are linearly dependent or linearly independent on 1.
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Example 8.5. Consider 4" + 4y = 0. We want to verify that 3, (z) = cos2z and yy(x) = 3(1 - 2sin’z) are
solutions for the differential equation on (-0, ) and we want to show that they are linearly dependent.

We first verify by direct substitution that
Yy +dy; =0 yy +4ys =0.
To show linear dependency, we compute their Wronskian as follows:

cos 2x 3(1-2sin’x
W ly1,y2] (z) = ( ) :—6C082xsin2x+6$in2x(1—28in2x) =0.
-2sin2x -12sinxcosx

W =0, so the solutions are linear dependent. In fact, considering cos2z = 1 — 2sin® z, it is easy to see that

y2(x) = 3y1(x), and the second linearly independent solution to the differential equation is y3(x) = sin 2.

We now consider the nonhomogeneous linear differential equation
Y™ 4 a1 (2)y" D + Lt a1 (2)y + an(2)y = F(z),

where F'(x) is not identically zero on the interval of interest. If we set F'(x) = 0, we obtain the associated homoge-

neous equation. In operator form, the nonhomogeneous and homogeneous equations have the forms
Ly=F, Ly=0.
Theorem 8.6

Let {y1,¥2,...,yn} be a linearly independent set of solutions to Ly = 0 on an interval I, and let y = y,, be any

particular solution to Ly = F on I. Then every solution to Ly = F on I is of the form
Y=ClyYi +Caya + ... + Cpln + Yp-
Proof. Since y = y,, satisfies nonhomogeneous equation, we have
Ly, =F.

Let y = u be any solution to the differential equation, we also have Lu = F', which, combining with Ly, = F' and
applying the linearity of L, gives
L(u-y,)=0.

Thus, y = u -y, is a solution to the associated homogeneous equation and therefore can be written as

Y—Up=ClY1 +CY2 + ...+ CpYn = U =C1Y1 + C2Y2 + ... +CpYn + Yp-

Hence, the general solution to the nonhomogeneous differential equation is
y(x) = ye(2) + yp (),

where y.(z) = c1y1 (@) + cay2 () + ... + cpyn(x). We refer to y. as the complementary function for Ly = F'.

73



8.2 Constant Coefficient Homogeneous Linear Differential Equations stanle

Example 8.7. We want to first verify that y,(z) = 2¢%” is a particular solution to the differential equation
y" -2y - 15y = 18¢%*

and use that to determine the general solution. To do so, we first verify by direct substitution. Consider

-3z

example 8.3, we have y.(z) = c1e3* + cpe5?, giving

e 5
y(z) = 1673 + cpeP + 2657,

We conclude our section with a simple theorem.
Theorem 8.8
If y = u, and y = v, are particular solutions to Ly = f(z) and Ly = g(x), then y = u, + v, is a solution to
Ly = f(z) + g(x).

Proof.
L(up +vp) = L(up) + L(vp) = f(z) + g(x).

8.2 Constant Coefficient Homogeneous Linear Differential Equations

In the next few sections we develop techniques for solving differential equations of order n that have constant

coefficients. These are differential equations with the form
Y™ 4 a1y Y 4 v any +any = F(x),

where aq, as, ..., a,, are constants. To determine the general solution to this differential equation, we gin by analyzing

the associated homogeneous equation

Y™+ a1y Y 4 v any +any =0.
Here, we consider the polynomial differential operator P(D):

P(D)=D"+a; D" + ...+ apn_1D +ay,.
For the homogeneous case, P(D)y = 0. Associated with any polynomial differential operator is the real polynomial
P(r)=r"+a1m™  + ..+ ap17 + an,
often referred to as the auxiliary polynomial. The corresponding polynomial equation
P(r)=0

is called the auxiliary equation.
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Example 8.9. We want to write the differential equation y" + 5y’ — 7y = 0 as P(D)y = 0 for an appropri-
ate polynomial differential operator P(D). Then we want to determine the auxiliary polynomial and the

auxiliary equation. We do this by considering
(D*+5D-T)y=0=P(D)y=0= P(D)=D*+5D-7.

Consequently, the auxiliary polynomial is P(r) = 72 + 5r — 7 and the equation is 72 + 57 — 7 = 0.

In general, the composition of two linear transformations is not commutative. However, even though Ly Ls # LoLq,

commutativity does hold for polynomial differential operators.

Theorem 8.10
If P(D) and Q(D) are polynomial differential operators, then
P(D)Q(D) = Q(D)P(D).

Proof. The proof is a direct verification, so is omitted here. O

The commutativity of polynomial differential operators enables the factoring of polynomial differential factors.

Specifically, if P(D) is a polynomial differential operator of degree n, the auxiliary polynomial can be factored as
P(r)y=(r-r)™(r-r)™...(r —rg)™*,
where m; is the multiplicity of the root r;, and m + ms + ... + my = n. Consequently, we have
P(D)=(D-r1)™(D-r3)™...(D-rp)"*.
It follows that the differential equation P(D)y = 0 can be written as
(D-r)™(D-1r3)™...(D-1,)™*y =0.
Theorem 8.11

If P(D) =P (D)Py(D)...P;(D), then for each 4, the solution to P;(D)y = 0 is also a solution to P(D)y = 0.

Proof. Suppose P;(D)u =0 for some i. Then, we have
P(D) = Pi(D)...P;,_1(D)P;;1(D)...P.(D)P;(D),

hence

Therefore, we see that any solutions to

(D-7;)™y=0

will also be solutions to the differential equation. Our next step is to find the solutions to the equation above.

75



8.2 Constant Coefficient Homogeneous Linear Differential Equations stanle

Theorem 8.12

Lemma 8.12.1

Consider the differential operator (D —r)™, where m is a positive integer, and r is a complex number.
For any v € C™(I),
(D=-r)"™(e""u) =e"*D"™(u).

Proof. When m =1, we have
(D-7)(e™u) =e"u +re"u—re™u=e"u'.

Repeating this procedure yields similar result. The proof follows by induction. O

The differential equation, where m is a positive integer and r is a complex number, has the following n

solutions that are linearly independent on any interval:

e " _1 e
e xe™, L x" e,

Proof. Since

D™(zF) =0,
the lemma with u(z) = 2* yields
(D _ T)m(erxl_k) _ eerm(Ik) _ 0’

and hence, e"*, ze"®, ..., 2™ 'e"® are solutions to the differential equation (D-7)™y = 0. Now we consider

the solution e, there is

16" + come™ + c3x2e" + .+ Cpa™ e = 0,

for z in any interval if and only if ¢; = ¢ = ... = ¢,,, = 0. Dividing by e"* gives
€1+ T + oo+ O™ = 0.

Since {1,z,2?,...,2™ '} is linearly independent on any interval, it follows that

It follows that the given functions are indeed linearly independent on any interval. O

We now apply the results of the above theorems to the differential equation
(D-r)™(D-1r3)™...(D-1,)™*y =0.

The solutions that are obtained due to a term of the form (D - )™ depend on whether r is real or complex.
Case 1. Consider the situation where r is real. Each factor of the form (D —r)™ contributes the n linearly indepen-

dent solutions

et e, . a™ e,

Case 2. Consider the situation where r is imaginary. Since complex roots occur in conjugate pairs, each factor
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of the form (D - r)™ must be accompanied by a term D —7)™. These complex conjugate terms contribute the

complex-valued solutions

e(aizb)x, xe(aizb)x’ ] m—le(aizb)x.

e
Consider the two complex conjugate solutions

wi () = 2Fel8T = R e (cosbr + isinba)  wa(z) = 2Fe@)T = 2R (cos b — isin bx).

Since these are both solutions to a linear homogeneous equation, any linear combination of them is also a solution

to the same equation. In particular, consider

y1(x) = % [wy(z) + wa(x)] = 2" cosbr  ys(z) = % [wi(z) - wa(x)] = 2" sin b

y1 and ys are two corresponding real valued solutions. Repeating the process gives the set of real solutions:

e cos bz, e sin bz, ze®® cos bz, ze®® sinbx, ..., 2™ e cosbx, ™ e sin be.

We now summarize our results.

Theorem 8.13

Consider the differential equation P(D)y = 0. Let rq, ..., 7 be the distinct roots of the auxiliary equation, so

that

P(r)y=(r-r)"™ (r-r)™...(r —rg)™*,

where m; denotes the multiplicity of the root r = r,.

If r; is real, then the functions e"i% ze"i®, ... x™i~'e"® are linearly independent solutions

to

the equation on any interval. If r; is complex, consider r; = a + ib, then the functions

€% cos bz, ze™ cos bz, ..., ™ " Le™®

jugate roots are linearly independent solutions on any interval.

cos bx, e sin bx, xe® sinbx, ..., ™ "1 sin bz corresponding to the con-

The n real-valued solutions that are obtained by considering the distinct roots r1,rs, ..., are linearly inde-

pendent on any interval. Consequently, the general solution will then be

y(x) = cryr () + coya () + ... + cryn ().

Example 8.14. We want to determine the general solution to ¢y — 3’ — 2y = 0. To do so, we consider the

auxiliary polynomial P(r) = r?

ro = —1. It follows that the two linearly independent solutions are
yi(x) = yo(x) =€
Hence, the general solution to the differential equation is

y(x) = 162 + coe”.
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Example 8.15. We want to solve the initial-value problem y" + 4y’ + 4y = 0, y(0) = 1, ¥'(0) = 4. We first see

that the auxiliary equation 72 + 4r + 4 has the general solution

2z

y(z) = e + zoxe " = €7 (c1 + o).

The initial condition y(0) = 1 implies that ¢; = 1, and the initial condition y’(0) = 4 gives
Y (x) = 272" (1 + cox) + 22" =4 = 9 = 6.

Hence, the unique solution to the given initial-value problem is

y(z) = e (1 +6x).

8.3 The Method of Undetermined Coefficients: Annihilators

According to theorem 8.1.6, the general solution to the nonhomogeneous differential equation

P(D)y = F(x)

is of the form

y(@) = ye(x) +yp(2),

where y. is the general solution to the associated homogeneous differential equation and y, is one particular

solution. We have seen in section 8.2 how y. can be obtained, so we now turn our attention to determining a

particular solution y,. Consider the differential equation P(D)y = F(z), and suppose that there is a polynomial

differential operator A(D) such that

A(D)F = 0= A(D)P(D)y = 0.

Note that any solution to P(D)y = F(z) must also solve A(D)P(D)y = 0. Consequently, by choosing the arbitrary

constants in the general solution of the latter appropriately, we must be able to obtain a particular solution to the

previous nonhomogeneous equation.

Example 8.16. We want to determine the general solution to (D + 3)(D - 3)y = 10e%*. We first compute
the auxiliary equation to obtain y.(x) = c1e73% + c2¢3”. The nonhomogeneous term is F'(z) = 10e**, so we

need a polynomial differential operator A(D) such that A(D)F = 0. Consider (D - 2)e*” = 0, so we have
AD)=D-2=(D-2)(D+3)(D-3)y=0,

which has general solution

y(z) = c1€7% + ce® + Age®”.

We call y, (z) = Age?® a trial solution for the differential equation, containing the undetermined coefficient

Ag. In order to determine the appropriate value for Ay, substitution gives

(D +3)(D - 3)Ape™ = 10e** = Ag(4€*” - 9¢*7) = 10e*”.

78



8.3 The Method of Undetermined Coefficients: Annihilators stanle

We must therefore choose Ay = —2 to satisfy the equation. Substituting the value for A yields the particular

solution y,(z) = —2¢2*, and the general solution becomes

3 _ 2621;

-

y(z) = ye(z) + yp(z) = c1e73% 4 coe

This technique of method of undetrermined coefficients is applicable only to linear differential equations that
satisfy that the differential equation has constant coefficients, and that there exists a polynomial differential operator
A(D). Any polynomial A(D) is said to annihilate F'(x), and the polynomial differential operator of lowest order
is called the annihilator of F'.

More generally, a polynomial operator A(D) annihilates F'(x) if and only if y = F'(«) is a solution to
A(D)y=0.

Thus, the only types of functions that can be annihilated by a polynomial differential operator are those that arise

as solutions to a homogeneous constant coefficient linear differential equation. That is,
F(z) = ca®e®™, F(z)=ca®e@sinbe, F(z)=caz"e™ cosba.
A(D) = (D - a)**! annihilates each of the functions e®*, ze%*, ..., z¥e®, so it annihilates
F(z) = (ag + a1 + ... + apz™)e™®

for all values of the constants ag,ar,...,ax; A(D) = D?> - 2aD + a® + b* annihilates both of the functions e* cos bx
and e®* sin bz, so it annihilates

F(z) = e**(ag cosbx + by sinbx)

for all values ag, by; A(D) = (D? - 2aD + a? + b*)**1 annihilates all functions with unknowns cos bx and sin bz, so it
annihilates

F(2) = (ag + a1 + ... + aga®)e™ cosba + (bo + b1 + ... + bpa®) e sin ba.

Example 8.17. We want to solve the initial-value problem y”’ - ' - 2y = 10sinz, y(0) =0, '(0) = 1. To do

2z

so, we first use the auxiliary polynomial P(r) = (r — 2)(r + 1) to solve for y.(x) = c1e*" + cae”*. Considering

A(D) = D? - 2ad + a® + b* = D? + 1, we can therefore write
(D*+1)(D*-D-2)y=0=y(z) = c1*” + coe™™ + Agsinz + A; cosz.
The trial solution here is y,(z) = Ag sinx + A; cos . Substitution into the original differential equation yields
(-Apsinz — Ay cosz) — (Agcosx — Ay sinz) — 2(Apsinz + Aj cosz) = 10sin .
Solving the equation gives Ay = -3, A; = 1, so that y,(z) = -3sinz + cos z. Consequently,

T —3sinz + cosz.

y(z) = 1% + cqe”
Now imposing the initial conditions give the unique solution to the given initial-value problem

y(z) = €** =2 — 3sinz + cos .
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9 Systems of Differential Equations

9.1 First-Order Linear Systems

Definition 9.1: First-order linear system

A system of differential equations of the form

dx
d—tlan(t)xl(t) + alg(t)IQ(t) + ...+ aln(t)xn(t) + bl(t),
dz,
ﬁanl(t)ml(t) +ana(t)xa(t) + .o + apn (H)xn (t) + by (1),
where a,;(t) and b;(t) are functions on an interval I is a first-order linear system. If b; = by = ... = b, = 0,

then the system is homogeneous.

Consider when n = 2, the system reduces to

Ty = a11wy +ajaxe +b1(t) = (D —aj1)z1 — ajaws = by (1)

Th = 911 + Ao + ba(t) = —asywy + (D — agz)wa = ba(t)
Example 9.2. We want to solve the system

Ty =31 + 2wy xh =211 — 219,
To do so, rewrite the system in operator form as
(D-1)x1-229=0 -2+ (D+2)xz2=0
To eliminate x5, operate the first equation with D + 2 and adding twice the second equation gives
(D+2)(D-1)x; -42, =0= (D*+ D -6)z, = 0.

Considering the auxiliary polynomial and solving it gives

1 1
x1(t) = cre” 3 + coe?t xo(t) = §(D -y = 5(—4016_3t + coe?t,

Example 9.3. We now want to solve the initial-value problem
] =x1 + 210, w4 =21 — 279,

1’1(0): ]., ZL’Q(O):O

We solved the general case in example 9.2, so imposing the two conditions yields the following equations:
crt+ece=1 —4dey+c2=0= (c1,c2)=(0.2,0.8).

Substitution gives the results: x;(t) = 0.2(e™3! + 42!, x5(t) = 0.4(e? — 73,
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Most systems of k differential equations that are linear in k& unknown functions can be rewritten as equivalent

first-order systems by redefining the independent variables.

Example 9.4. We want to rewrite the linear system

d?z d%y dx
— _dy=e' —Z +t>-= =sint
ae Y a2 A

as an equivalent first-order system. To do so, consider

dz dy
r1 = To2=— xr3 = Ty = —.
! 2T BTV Mty

Then, the equations can be replaced by

dxs . dza )
— —4dx3 =€ —— +1t°x9 =sint
a dt 2
Considering x5 = d(% and x4 = dﬁ gives the following system:
dxl d.’JSQ t dl’g d$4 2 .
— =X —= =4dz3+e —Q— =2 —— = —t"x9 +sint.
a o at ? a Tt oat ?

9.2 Vector formulation

Consider the system of equations

.’Ell = all(t)$1(t) + (ng(t)xg(t) + ...+ aln(t):cn(t)

2l = a1 ()21 (t) + an2(t)2(t) + oo + apn ()2 ().

This system can be written as the equivalent vector equation

2'(t) = A(t)x(t) + b(t),

where
ml(t) a:’l(t) au(t) a12(t) aln(t) bl(t)
a(t) = ngt) 2 (t) = zéft) A(t) = am:(t) a”:(t) Oy - bQZ(t)
Zn (1) a) (t) an1(t)  ana(t) .. ann(t) b (t)

Let V,,(I) denote the set of all n-vector functions defined on an interval /. Note that V,,(I) is a vector space.

Definition 9.5: Wronskian

Let z1(t),x2(t), ..., z,(t) be vectors in V,,(I). The Wronskian of these vector functions is defined by

W (1,02, 0] (1) =det ([e1(t)  22(t) o 2.(1)])
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Theorem 9.6

Let x1(t),x2(t),...,xzn(t) be vectors in V, (I). If W[z, x9,....,2,] (o) is nonzero at some ¢y, € I, then

{z1(t),22(t),...,z,(t)} is linearly independent on I.

Proof. Consider cix1(t) + coxa(t) + ... + ¢y (t) = 0. This is equivalent to the vector equation
X(t)e=0,
T .
where ¢ = [c1 co ... cn] and X (t) = [:E1(t) zo(t) ... :Bn(t)]- Assuming
det([X(t())]) =W [1'1,1'2, ,xn] (to) * O,

the only solution to this n xn system of linear equations is ¢ = 0. Consequently, {x1 (), z2(t), ..., z,(t)} is linearly

independent on [ if such ¢, exists in I. O
Definition 9.7: Vector differential equation
A system of linear differential equations written in the vector form
2’ (t) = A(t)z(t) + b(t)

is a vector differential equation.

The solutions to the general first-order linear system of differential equations is equivalent to solving for all column

vector functions x(t) € V;,(I) that satisfies

2'(t) = A(t)x(t) + b(t)

9.3 General Results for First-Order Linear Differential Systems

Theorem 9.8

The initial value problem
2'(t) = A(t)x(t) +b(t), x(to) = xo,

where A(t) and b(t) are continuous on an interval 7, has a unique solution on I.

Proof. The proof is omitted. O

Consider the homogeneous vector differential equations x'(t) = A(t)x(¢) first. Here, A is an n x n matrix function.

Theorem 9.9

The set of all solutions to z’(t) = A(t)x(t), where A(t) is an n x n matrix function that is continuous on an

interval I, is a vector space of dimension n.
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Proof. Consider the set of all solutions S satisfying =’ = A(¢)x(t). Considering T'(z) = Az and D(«) = 2’ as linear
transformations, so is
(D-T)(z)=12"- Az.

Since S = ker(D - T), it is definitely a subspace of V,,(I).
Now proving dim [S] = n by constructing a basis for S. Claim that there exist n linearly independent solutions

to ' = Ax. Let ¢; denote the i-th column vector of the identity matrix I,,, then the initial value problem
zi(t) = A()zi(t) wi(to) =e;i i=1,2,...,n

has a unique solution z;(¢). Furthermore, W [z1,zs,...,2,] (to) = det(I,) = 1 # 0 for any ¢, € I, so that
{z1(t),22(t),...,z,(t)} is linearly independent on I. Now let z(¢) be any real solution to 2’ = Az on I. Since

21 (to),x2(to), ..., xn (to) is the standard basis for R™, there is
x(to) = crw1(to) + caxa(to) + ... + cnwn(to)
for some scalars ¢y, ¢a, ..., ¢,. Therefore, x(t) is the unique solution to the initial value problem
o' (t) = A{t)z(t) z(to) = crz1(to) + coza(to) + ... + cry(to).

Considering x(t) = u(t) = c1x1(t) + caxa(t) + ... + ¢, (t). Any solution to 2’ = Az on I can be written as a linear
combination of the n linearly independent solutions z1(t),z2(t), ..., x,(t), and hence, {z1(t),x2(t),...,x,(t)} is

a basis for the solution space. The proof follows. O
Definition 9.10: Fundamental solution set
Let A(¢) be an nxn matrix function that is continuous on an interval I. Any set of n solutions, {x1,z3,...,z,},
to ' = Az that is linearly independent on 7 is a fundamental solution set on I. The corresponding matrix
X (t) defined by
X(t) = I:xl Z2 ~-~1:n:|

is a fundamental matrix for the vector differential equation =’ = Ax.

Example 9.11. Consider the vector differential equation

and let

elsin 2t el cos2t

1(t) = l—eft cos Qt] a(t) = let sin 2t] .

We want to verify that {z,, x5} is a fundamental set of solutions, and calculate both the general solution and

3
the initial value problem z’ = Az, 2(0) = [ ] To verify the fundamental set of solutions, consider
2

o /
Ty = 2=

e' (- cos 2t + 2sin 2t)]
T

e'(sin 2t + 2 cos 2t)
el (sin 2t + 2 cos 2t) -

e!(cos 2t — 2sin 2t)
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It follows that 2} = Azy and 2, = Az,. Furthermore,

—etcos2t elsin2t

W x1,22] (t) = =—e?' 2 0.

elsin2t e'cos2t

Hence, {x1,x2} is linearly independent on any interval. Hence, it is a fundamental set of solutions for the

given vector differential equation. The general solution is then

e!(—cy cos 2t + co 5in 2t)
x(t) = 121 () + caza(t) = l .

e'(cy sin 2t + ¢3 cos 2t)

Imposing the initial condition gives

so that ¢; = -3 and ¢ = 2. Hence,

x1(t) = e (3cos 2t + 2sin2t)  x(t) = ' (~3sin 2t + 2 cos 2t).

Now consider nonhomogeneous vector differential equations.

Theorem 9.12

Let A(t) be a matrix function that is continuous on an interval 7, and let {z1,xs,...,z,} be a fundamental
solution set on I for the vector differential equation 2'(t) = A(¢)z(¢t). If z,(t) is any particular solution to

the nonhomogeneous vector differential equation
2/ (t) = A(t)x(t) + b(t)
on I, then every solution on I is of the form

x(t) = c121 + Caa + ... + Cu Ty + Tp.

Proof. Since x(p) is a solution,
x,(t) = A(t)zp(t) +b(t).

Now consider any other solution u(¢) such that u'(¢) = A(¢)u(t) + b(t). Subtracting the two gives
(u-xp) = A(u—zp).

Thus, the vector function = = u — x,, is a solution to the associated homogeneous system z' = Az on I / Since

{1, x2,...,x,} spans the solution space, it follows that

U—To=C1T1 +C2X2+ ... +CpTp = U=C1T1 + C2T2 + ... + CpTy + Tp.
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9.4 Vector Differential Equations: Nondefective Coefficient Matrix

Consider homogeneous linear systems z' = Az where A is an n x n matrix of real constants. Consider example 9.2

67375 eZt
o[ o]

Note that both of the solutions are of the form z(t) = e*v, where \ is a scalar and v is a constant vector. Now,

in vector form, where the solution is

differentiating x(t) = e*v with respect to ¢ yields
2’ = e Mo = Az
Thus, z(t) = e*w is a solution if and only if
e Mo = eMAv = Av = .

Theorem 9.13

Let A be an n x n matrix of real constants, and let \ be an eigenvalue of A with corresponding eigenvector
v. Then,

z(t) = Mo

is a solution to the constant coefficient vector differential equation 2’ = Az on any interval.

Example 9.14. Consider the general solution to
Ty =221 + 19 T = -371 - 279.

The corresponding vector differential equation is
2 1
x’=l }xzdet(A—)J)z)\z—l.
-3 -2

It follows that A has eigenvalues A = +1.

Eigenvalue Ay = 1: (A - A\;v) =0 has solution v = (1, -1). Therefore,

W=e|’
I =e 1 .

Eigenvalue A = -1: (A — A\yv) =0 has solution v = s(1,-3). Therefore,

xo(t) = e_tl ! ]
-3

Considering the Wronskian, W [z1,22] () = -2 # 0, so that {x1, 25} is linearly independent on any interval.

crel + coet
x(t) = [ ]

—c1et —3cqet

The general solution is therefore
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Theorem 9.15

Let A be an n x n matrix of real constants. If A has n real linearly independent eigenvectors vy, vs, ..., v, With

corresponding real eigenvalues A1, \s, ..., A,,, not necessarily distinct, then the vector functions {z1, xa, ...,y }

defined by
wp(t) = Mo, k=1,2,...n,

for all ¢, are linearly independent solutions to ' = Az on any interval. The general solution to this vector

differential equation is

2(t) = 121 + oo + oo + Cpp.

Proof. Each z(t) satisfies 2’ = Az. Now consider
W [z1, %2, ., Tn ] = e()‘1+’\2+"'+’\")tdet<[v1 vy ... vn]) #0.

Since the eigenvectors are linearly independent by assumption, the solutions are linealry independent on any

interval. Thus, {1, z2,...,2,} is a fundamental solution set to the vector differential equation. O

Generally, let A be an n x n matrix of real constants. Suppose )\ is a real eigenvalue of A with corresponding
linearly independent eigenvectors vy, v, ..., vy, then k linearly independent solutions to 2’ = Az are z;(t) = e Mv;,
j=1,2,....k. Suppose \ = a +ib is a complex eigenvalue of A with corresponding linearly independent eigenvectors

U1, V2, ..., U, Where v; = r; +is;, then 2k real-valued linearly independent solutions to z’ = Az are

x11(t) = e (cosbtry —sinbtsy) x12(t) = e (sinbtry + cosbtsy)

xp1(t) = e (cosbtry, —sinbtsy)  apo(t) = e (sinbtry + cosbtsy).
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